ON TEITELBAUM TYPE L-INVARIANTS OF HILBERT

MODULAR FORMS ATTACHED TO DEFINITE QUATERNIONS

1.

MASATAKA CHIDA, CHUNG PANG MOK, JEEHOON PARK

ABSTRACT. We generalize Teitelbaum’s work on the definition of the £-invariant
to Hilbert modular forms that arise from definite quaternion algebras over
totally real fields by the Jacquet-Langlands correspondence. Conjecturally
this coincides with the Fontaine-Mazur type L-invariant, defined by applying
Fontaine’s theory to the Galois representation associated to Hilbert modular
forms. An exceptional zero conjecture for the p-adic L-function of Hilbert
modular forms is also proposed.
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We generalize Teitelbaum’s work [14] on the definition of the L-invariant to
Hilbert modular forms that arise from definite quaternion algebras over totally real
fields by the Jacquet-Langlands correspondence.

More precisely, suppose that f is a Hilbert eigenform over a totally real field
F (see section 2.5) that is special at a prime p|p of F (in the sense that the p-
component of the cuspidal automorphic representation generated by f is the special
representation of GLy(F})), and that f arises from a totally definite quaternion
algebra B over F' by the Jacquet-Langlands’ correspondence. Assume that B splits
at p, and that [ exactly divides the conductor of f if B is ramified at [. Then we can
define the L-invariant of f at the prime p in the style of Teitelbaum (definition 3.4).

Key words and phrases. Quaternion algebras, Hilbert modular forms, Coleman integrals.
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One new feature that arises in the totally real case is that we have an L-invariant
,Cg’Tel(f ) for each embedding o of F,/Q, into Q,.

As in Teitelbaum’s case (F' = Q), we need a pair of group cocycles associated to
f in order to define the L-invariant. One of them is in the manner of Schneider as in
[14], and the other is defined by using Coleman integrals given by the periods of the
rigid analytic modular form associated to the Jacquet-Langlands correspondent of
f. Another new feature that occurs when F # Q is that the rigid analytic modular
forms involved are in general vector valued (rather than scalar valued).

In the case F' = Q the Fontaine-Mazur L-invariant [10] is defined by applying
Fontaine’s theory to the Galois representation associated to the eigenform, and the
definition can be generalized to the Hilbert modular case as follows. As above let
f be a Hilbert eigenform, whose weight is (k,v) (here k = (ks)s, v = (v5)s with
ky € Z22, v, € Z, and o ranges over the set of embeddings of F into Qp, as in
definition 2.14 below). Let G be the absolute Galois group of F', and denote by

pe: Gp — GLQ(QP)
the two-dimensional p-adic Galois representation associated ot the eigenform Hilbert
f, characterized by the condition

Tr pe(Froby) = C(I, f)

for all primes [ of F not dividing p and the conductor of f; here Frob; is the
Frobenius element at [ and C(I,f) is the normalized Fourier coefficient of f at [,
as in equation (2.36) below. Since we assume that f is special at the prime p, the
Galois representation pe was already constructed by Carayol [2].

Put p := pf|GFp , the restriction of pr to the local Galois group G, at p. Denote
by Dst(p) the semi-stable Dieudonne module of Fontaine associated to p. From the
main result of [13], we have the following information about Dg(p). It is free of

rank two over I, o ®q, Q,, (where F}, o is the maximal subextension of F},/Q, that
is absolutely unramified). Put D := Dy (p) ®F, , Fp. Then D is free of rank two

over Fy, ®q, Q,-
For any o : F}, — Qp it induces the map Fj ®q, Qp — Qp. By loc. cit. the

module Dy :=D ®p o g , Q,, is then a two-dimensional filtered (i, N)-module

P
over Qp, with the monodromy operator N being non-trivial. The data defining
the filtration of D, is given by a one-dimensional subspace F, C D,, where the
jumps of the filtration are given by (v, ks + v, — 1) (the underlying (¢, N) module
of D, is independent of the embedding o up to isomorphism). Choose a pair of
p-eigenvectors uy,us € D, such that N(u;) = ug. Then {u1,us} is a basis of D,,
and the Fontaine-Mazur L-invariant £ = Eg’FM (f) € Q,, is the unique element such

that
Fo = Qp(ul — Lugz)

(the weak admissibility condition satisfied by D, insures that F, # Qp uz). In
particular, there is one such £-invariant for each embedding o : F}, — Qp. We con-
jecture that that the Teitelbaum type L-invariant coincides with the corresponding
Fontaine-Mazur type L-invariant. In the case F' = Q this was proved by in [7],
by making use of an explicit version of the comparison theorem in p-adic Hodge
theory.
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The organization of this paper is as follows. We collect preliminlaries about
automorphic forms on totally definite quaternion algebras in section 2. The L-
invariant in the style of Teitelbaum is defined in section 3. Then we state the
exceptional zero conjecture in section 4.
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Notation 1.1.

Throughout the paper F' is a totally real field, with ring of integers Op. Denote
by d = [F : Q] the degree of F' over Q. The ring of adeles, and finite adeles will be
denoted as A and F.

Fix a rational prime p. For each p |p let F, be the completion of F at p. Thus
Fy,:=F®qQ,= Hp\pr'

For each prime [ of F', denote by val; the normalized valuation of Op,, whose
value on the uniformizer of O, is one. Put |.|; to be the normalized absoulte value
of F{ given by |z|; = N'17¥*"*  Here in general we will denote by A the norm
operation from F' to Q, either over the field itself, their completion, the adeles, or
at the level of ideal (the subscripts that occur would indicate the field extensions
involved).

Let xq,cycl be the p-adic cyclotomic character of Q, which by class field theory is
regarded as a Hecke character xq,cycl : Aa /Q* — Z;. The class field theory iso-
morphism is normalized so that xq cyei(2) = 2 for z € Z). Let XFcyel AXJF* —
Z; be the Hecke character obtained by composing xq,cyc1 with the norm map from
A to Ag. The character X cya is trivial on the archimedean connected compo-
nent of A}, hence we can view X pcyel as a character on ﬁX/Ff, where F* is the
set of totally positive elements of F'.

Fix once and for all an embedding of Q into Qp and C.

Denote by |.|, the absolute value on Qp normalized by the condition |p|, = 1/p.
As usual C, is the completion of Qp with respect to |.|,. Denote by ord, the
valuation of C, normalized by the condition ord,(p) = 1.

Denote by I the set of embeddings of F' into Qp. We denote by Z[I] the free
abelian group generated by I. Note that we can partition I = |_|p Ip I,, where I,
consists of those embeddings that factor through F,. We have #I, = [F}, : Q,].

Finally for any ring A, we denote by Ms(A) the ring of 2 x 2 matrices with
coefficients in A.

2. PRELIMINARIES

2.1. Automorphic forms on totally definite quaternion algebras. Let B
be a totally definite quaternion algebra over F, i.e. B ®p, R is isomorphic to
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Hamilton’s quaternions, for all the real embeddings v : F — R. We refer to
Vigneras’ book [16] for the theory of quaternion algebras.

Denote by n~ the discriminant of B. Thus n™ is the square-free ideal of Op
that is equal to the product of the set of finite primes of O at which B ramifies.
Note that the number of prime factors of n~ is congruent to [F : Q] mod 2. We
denote by J the set of primes of O above p that does not divide n~. The reader
is advised to take J to be the set of all primes above p, i.e. that n™ is relatively
prime to p Op, on first reading.

We now define automorphic forms on B*.

Let B* = (B®r ﬁ)x be the group of finite adelic points of B*. Given b € EX,
and a place v of F, we will denote by b, the component of b at v. We will generally
identify the finite places of F' with prime ideals of O, so if v corresponds to a
prime [, then we will also write b for the corresponding component of b. On the
other hand, we will write b' for the element of B* obtained from b by replacing b,
by the identity. Finally, we will write b, € [],, By for the element (bg)q -

We fix an isomorphism

qlp

B®qQ, = [[ M2(Q,)

o€l

which is equivalent to the data: for all q |p, and o € I, an isomorphism

(21) Bq ®Fq,a Qp = MZ(Q}))
(here By = B®p Fy).
For each prime [ not dividing n™, fix an isomorphism of Fj-algebras:
(22) 1 :Bi=B®p F[—)MQ(F[)
which induces an isomorphism of B/ and GLy(Fy). If [ = q € J, we assume that
the isomorphism (2.1) for each o € I, is induced from that of (2.2).

Let ¥ =[], 3 be an open compact subgroup of BX. Assume that the image of
¥4 under ¢4 is contained in GL3(OF,) for all g € J. In the sequel, ¥, would then
be identified as subgroup of GLy(OF, ) for each q € J.

Definition 2.1. For an embedding o € I, and integers n,v withn > 0, let L,(n,v)
be the Cp-vector space of polynomials in one variable of degree at most n, with
coefficients in Cp, , and with the right action of By on L (n,v) given as follows:

a® b°

for v € B, write v° := ( e

A ) to be the image of v under

then we define
(2.3) (Py)(T)

O'T ag
= det(v”)”(c"T—&—d”)"P(a +o

c"Ter")'

For a pair of vectors n = (ny)per, ¥ = (V5)oecr € Z[I], with n, > 0for all o € I,

put:
L(ﬂay) = ®LU(nU>UU) = ® ® La(no7va)~

oel qlp o€lq
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For each q[p we have the natural tensor product right action of B on @,¢;, Lo (1o, vs),
hence the product right-action of B} =[], By on L(n,v). Define V;(ns,v,) to
be the Cp-dual of L,(ns,v,), and V(n,v) to be the C,-dual of L(n,v), with the
dual left action of B'.

Let t = (1,---,1) € Z[I]. Suppose that there is an integer m such that the
condition
(2.4) n+2v =mt
is satisfied. Note that for a given n, the set of vectors v that satisfies condition
(2.4) (for variable integer m) differ from each other by integer multiples of ¢.

Definition 2.2. With the above notations, an automorphic form on B* of weight
(n,v), level ¥, is a function
®: BX — V(n,v)
that satisfies:
(2.5) D(2vbu) = Xpleyer (2)(u, ' - @ (D))
forally € B*,be ﬁx,u €X,z€ F*. Denote by Sgy(z) the space of such forms.

Note that a form ® of level X is determined by its values on a set of representa-
tives of the double coset space

B*\B* /%

which is finite (being both compact and discrete).

If SgQ(Z) is non-zero, then by (2.5) the character X;?yd has to factor through
F*/F* which implies that m is even, and hence n, is even for all o € I.
Remark 2.3. Let ® € 552(2). For any q |p, let mq be a uniformizer of Fy, identified
as the idele that is equal to 74 at the place q and 1 elsewhere. Apply equation (2.5)
with z = 7y, we have
(2.6) P(mgb) = XFeyalmg) " ®(b)

= Ng,/q,(mq) " ®(b) for all b e B*.

Remark 2.4. Given ® € SE

n,v
(P/(g) = XF,Cycl(NrdE/ﬁ g)_TCD(g)

where Nrd 5 B B — Fisthe map induced by the reduced norm map Nrdg,r from

B to F. Then & € SP (%), where

(X)), and an integer r, define @’ by

vV=v+rt

(and hence n+2v' = m't, with m’ = m+2r). Here we are identifying the underlying
vector space of V(n,v) and V(n,v’). It follows that 552(2) = Siy,(Z) via this
twisting operation.

In the case where n = 0 (and hence v = %t) one usually considers the space
So,»(2) modulo the Cp-span of the form &g given by ®o = (xF,cyc oNrdé/ﬁ)’m/Q,
as this does not correspond to cusp form under the Jacquet-Langlands’ correspon-

dence (see section 2.5 below).
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2.2. Hecke operators. Recall the definition of Hecke operators. For each prime
[+n~ at which ¥; is maximal, one can define the Hecke operators T} as follows. Fix
the isomorphism ¢ : By — M3(Fy) such that ¥; becomes identified as GLa(OF,).
Let m be an uniformizer of OF,, and let k; be the residue field at [. Given a double
coset, decomposition:

(2.7) GLQ(OF[)<(1) ﬂ?)GLg((’)F,): L] () GLo(OR).

reP!(ky)

Define the action of the Hecke operator 77 on 552(2) by the rule:

>repiny 20 o (D) if 1p
2.8 T1®)(b) = rePi (ko) :
28) e = { 5 epi ) 0 (1) - 20 0, (1) if .
It is clear that this is independent of the choice of the o, (I).
Suppose that for [4 n~ the level ¥ is not maximal, but is an Iwahori subgroup
of GLz(Op,). Then we can define the operators U;. To define it, first recall the
definition of Iwahori subgroups.

In general for any [, let 7 be a uniformizer of O, as above. Then for m > 1,
then we define the Iwahori subgroup Iy of GLy(Op,) of level [, by

a b m
Im = {( e d ) € GL2(Op,), ¢=0 mod 7 }

Similarly put
Mg([m;OF!) = { ( Ccl Z > S MQ(OF!), c=0 mod Wgn}

Suppose that ¥ is a level, and [ n~, such that X; = I» for some n > 1. Given
a double coset decomposition:

(2.9) Iin < L0 )I[n = |_| o (0In

0 =
‘ rekg

define the action of the Hecke operator U; on SEE(E) by the rule
Dorek, @0 (D) if Lfp
2.10 Ui®)(b) = = L
(2.10) L)) { S rer G0 (1) - B(b- 5o (1) if (]p.
One can take for example:
~ 1 0
(2.11) o) = < o )

where 77 € Oy maps to 7.

2.3. Choice of levels. In this paper, the level ¥ is defined by the groups of units
of local Eichler orders of B. Thus let a be an ideal of O, relatively prime to n™.
For any prime [, Let R; be a local order of By satisfying the condition:

R; = the (unique) maximal order of By if [ divides n™,

and

val;(a)

Ry = an Eichler order of level [ if [ is prime to n™ .

For [ not dividing n~, we will assume that under the isomorphism ¢; : By — My (F}),
the image of Ry is Mg([val[ % Op,). Thus we have ¢((R]) = Ijva (o).
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Let R = [I, Ri. Then R:= B() R is an Eichler order of B of level a.

We will denote by X (a,n™) for the level given by R* for the above choices of the
local orders Rj.

Notation 2.5. We will write SP (a,n™) for SP,(3(a,n™)).

For the levels of the type ¥ = 3(a,n™) one can also define the operators Uy for
[|n~ asin (2.10) by using the double coset Xywi¥; = wiX, where wy is a uniformizer
of the maximal order Ry of By (note that ¥y = R[*), i.e. if [|n™, then

_ O (bwy) if (4
(UICI))(b) = { wr - <I>(b[w[) if [ZTp'

In the rest of the paper, we will write the ideal a that occurs in the level in the

form

a=mnt

with n" relatively prime to pOp, and m divisible only by primes above p.

Put n = mnT n~. We denote by T the polynomial algebra over Z generated by
the symbols T} for [t n, and the symbols Uy for [|n . The algebra T acts on the
space of automorphic forms, and other objects (cohomology groups for instance, see
section 2.5). A form ® € SP (mn*t,n7) is called an eigenform if it is an eigenvector
for the action of T. o

Suppose now that [ is a prime that divides mn™. Define the trace operator

+ _ + _
Trnm12+/[:S£Q(mn+,n )—»SEQ(“‘}‘ ,n7)

as follows: given a form ® € SP, (mn*,n7),

mant O(gr, ) if [
Tron+ /(®)(9) = { Z%r .%}(g;) if+[]|)p.

Here {7} run over a set of left coset representatives of I;n—1 modulo Ij» where
n = vali(mn™) (if n = 1 then Ijn—1 is interpreted as GLy(Op,)). For example if [
divides mn™T exactly (i.e. n = 1) then one can take (with the r indexed by P! (k)):

10
(2.12) T, = ( = 1 ) for r € ki

(0 -1
Too — 1 0 .

A form ® € SP, (mn* n7) is said to be new at [, if

and

mn+

mn*/[(q)) =0.

An cigenform ® € SP (mn*,n7) is called a newform if it is new at all primes
dividing mn™.
Finally define the Atkin-Lehner operator at [ as:

(2.13) Wi:SP (mnt n7) — 8P (mnf n7)

Wi(®@)(g) = br - (gbr)
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here by = ( WO _é ) Then an immediate calculation shows that when [ divides
[

mn™ exactly, a form ® € S (mn*,n7) is new at [ if and only if

(2.14) U(D) = —W(®).

2.4. Harmonic cocycles on Bruhat-Tits tree. As in the previous section ¥ =
Y(mnt, n7). Fix a p € J. Identify B,* with GLy(F}) via ¢p.
Let {ti,p}?zpl be a set of representatives of
FX\ F*/ O;pr
(which is equal to the quotient of the strict ideal class group of F' by the image

of F,*, and hy is the order of this group). We assume that the ¢; ,’s are chosen

to have trivial components at all q[p. Fix z;, € B* with (2i,p)q = 1 for all q|p,
such that Nrdg p(wip) = tip for i = 1,--- hy. The theorem of the norm and

the strong approximation theorem (theorem 4.1 and 4.3 of [16], chapter 3) gives a
decomposition:

h’p
(2.15) B* =| | B*w;, GLy(F,)%.

i=1
More precisely if y € B* , then the unique index i of (2.15) to Which/\y bilongs is
determined by the condltlon that the class of Nrdg, 5(yz; ) in FX\ F*/ORE,S is

trivial.
Define, for ¢ = 1,--- hy:

TP = TP(mn*,n7) = {y € BX, i € (wip)t St (i) " for [#p}.

Using (2.15), we have a bijection:
hP
(2.16) | | TP\ GLy(F,)/, = BX\B*/%
i=1
where for g € GL, (Fp) the class of g in I‘p\ GLy(Fy) /%, gets mapped to the class
of x;p-¢in BX\B /%, with g regarded as the element of B* that is equal to g at

the place p, and equal to identity at other places.
Using (2.16), we see that a form ® € SP (mn™,n™), with n 4 20 = mt, can be

identified as an hy-tuples of function gb},, cee g" on GLy(F}), by the rule: (;S;(g) =
®(xp - g), for i =1,--- , hy. The functions ¢}, satisfy:

(2.17) Pp(Tpguz)
X;Zlycl(z) (u_l%';' . ¢fa (g)) for v €T?, g € GLa(Fy),u € By, 2 € .
Here u € ¥, acts on V(n,v) by identifying it as an element of ¥, =[]

is u at the factor at p, and identity at q # p.
Formula (2.8) and (2.10) for the action of the Hecke operators T, or U, can

be applied verbatim to the components ((15'13, e ,¢g" ), because the elements z;

+1p Sq which
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as above have trivial components at p. For instance, if p { n, then the form 7, ®
corresponds to the hy-tuple (qub,l37 e 7Tp¢g” ), where

TP(ZS;/J(Q) = Z Ua(p) : (b;(gaa(p))'

a€P(ky)

Similarly if p |n, then

(2.18) Upd(9) = > Fa(p) - &4 (93a(p)).
ackyp

Suppose now that p exactly divides m. We interpret this in terms of harmonic
cocycles on the Bruhat-Tits tree.

Let 7, be the Bruhat-Tits tree of PGLg(F}). Thus the vertex set of 7, is given
by the set of homothety classes of lattices of F}, @ F},. Denote by V(7,) and £(7,)
the set of vertices and the set of oriented edges of 7, respectively. If e € £(7,), then
we denote by € the opposite edge of e. The source and target vertices of e will be
noted as s(e) and t(e). As usual 7, has the homogeneous (left) action of PGLy(Fy),
and we can idetify V(7,) = PGLa(F,)/ GL2(OF, ), and £(7,) = PGLy(F})/I,.

Definition 2.6. A harmonic one-cocycle on T, with values in V = V(n,v), is a
function

¢ E(T) =V
such that the following two conditions hold: for any edge e:
(2.19) c(e) = —c(e),
and for all vertices v,
(2.20) > cle)=0.

s(e)=v

The Cy,-vector space of V -valued harmonic one-cocycles will be noted as Ct, (T,, V).

Denote by ng) the ring of p-integers of F' and by (ng))X the group of p-units
of F. We have ff NnF* = (Og))x. Also note that if v € ff, then Nrdp,pvy €

(ng’))x N FY. We have the action of B* on V via the map B* — [[, |, B, but
we want to twist this so that the resulting action factors through the quotient of
B* by (O%))x.

Define the following action x, of B* on V: for vy € B*, and v € V,

YV kp U 1= |NrdB/F ’y\;n/Qpr .
Then the action the %, factors through BX/(O;E))X. For i =1,--- hy, put I'¥ =
I} /(0F).
The space C},,(7,, V) supports the following action of BX/(O;?))X: for v € B%,

and ¢ € CL, (7,,V), the cocycle v *, ¢ is defined by

(v %p €)(€) =7 xp (c(; e)).
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Now let ® € SP (mn™,n~) which corresponds to an hy-tuple: (¢}, - - ,(Z)g‘“) as
above. Assume that p exactly divides m. For each ¢ = 1,--- , hy, define a function
cgi on £(T,) as follows.

Let e = (s,t) € £(7,) (going from s to t). Represent s and ¢ by lattices L
and L, such that L, contains L; with index N'p. Let g. € GLa(F}) such that
9e(OF, © OF,) = Ls. Then define

m/2 i
(2.21) cgi () = | det el *ge - 6} (ge)-
By (2.6) and (2.17) this is well-defined independent of the choice of L, L, and
independent of the choice of g.. It also follows from (2.17) the following property:
v — v p
(2.22) Cpi (Vp€) =7 *p Cgs () for v € 7.

Denote by cg,p the vector of functions {cg; }?:"1.
(In general, given a lattice L of F}?, let g;, € GLy(Fy) be such that L = g1(OF, ®
OF,), then we can define |L|, the generalized index of L, as
(L] = A s 495 |det g ;1)

The U, operator has the following combinatorial description:
(223 o ()= NP S ey ().
s(e’)=t(e)
Similarly for the Atkin-Lehner operator Wp:

(2.24) oy (€) = NP2 ey (2).

Proposition 2.7. Suppose that the form & € Sgg(mnﬂn*) is new at p, and
satisifes the condition

(2.25) Up® = Np™/? 0.

Then the functions cyi are in CL.. (T, V), and are invariant under T'¥ (with respect
to the action ).

Proof. Condition (2.19) follows from (2.14), (2.24), and (2.25), together with the
assumption that ® is new at p. With (2.19), condition (2.20) then follows from
(2.23) and condition (2.25). The invariance under I'? is a restatement of (2.22). O

Remark 2.8. It can be readily checked that if ® € S,, ,(mn*,n7) is the form
obtained from ® by the twisting operation as described in remark 2.4, then ®
and @’ define the same harmonic cocycle (with the identification of the underlying
vector space of V(n,v) and V(n,v').

In general let T be a subgroup of BX/(O;’?))X. We now define Schneider’s map
from the space of V-valued I'-invariant cocycles on 7, to H*(I', V). Choose a vertex
v € V(T,). For ¢ € C},.(7,,V)', define k. to be the following function on I' with
values in V: for y € T,

(2.26) k()= Y cle).

where the sum runs over the edges in the geodesic joining v and ~v.
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From the I'-invariance of ¢, it follows that x. is a one-cocycle. Furthermore, the
class of k. in H'(',V) is independent of the choice of v.
Now apply this construction to I' = I‘P. Denote by:

SCh Char(/];v V) - H' (F;jv V)
¢ +— class of k.

the map defined as above. We also denote by

™ 812 Cha(T, V) — @2 BN (T, V)
the direct sum of the maps <. We denote by s{%(¢}) € H'(I'?,V) for the

sch
P

Note that by construction we have an identification of @?ilCﬁar(Tp, V)Ff with the
eigenspace of S (mnT n™)P "¢ with Up-eigenvalue equal to N p™/2,
To conclude this section we state:

image of Cois under /fSCh Similarly denote by KSCh( ) the image of ¢, under &

Proposition 2.9. The maps /fCh are isomorphisms. Hence the map /f“h 15 an
isomorphism.

Without interrupting the main reasoning of the paper we refer the reader to the
appendix for the proof.

2.5. Action of Hecke operators and Jacquet-Langlands’ correspondence.
When we use the strong approximation theorem with respect to the prime p (equa-
tion (2.15)-(2.17)) for the description of automorphic forms, the action of the Hecke
operators Ty or U; for [ # p becomes more complicated as compared to the adelic
description (when [ = p it is as in (2.18)). We describe this in the first part of this
section. The reader familiar with the formalism of [12], section 2, will notice the
similarities. R

First we observe the following: let y € B* whose component at p is trivial.
Then by (2.15), for any j = 1,--- , hy, there is a unique ¢ = i(j) € {1,--- ,hy}
corresponding to j, and a € B*, b € GLa(Fp), and u € XP (here ¥P = ]_[[;‘ép ),
such that

(2.27) TjpY = ax; pbu.
Since the x; ,’s have trivial component at p, (2.27) is equivalent to:
(2.28) Tipy = ofxipu

ap = bt

Now let [ # p. Put y; = ( (1) WO ) if [{n, and y; = w if [|n™ (with w; a
[

uniformizer of Ry). In either case we regard y; as an element of B* that has trivial
components at places outside .
Take y = yr in (2.27), (2.28). Then
yo o= (2p); (@)
1 (xm)[, o (zip)vuy if U#1Lp

which implies

(229) Z[y[Z[ =X (Z‘] p) 1a[(l‘1 p) E
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Proposition 2.10. Suppose that we have a double coset decomposition

(2.30) IPal® =| o, I?.

Then we have a corresponding double coset decomposition
(2.31) XX = |_|($j7p)[_1(047-)[($1',p)[2[.
Proof. This can be proved using the strong approximation theorem, as in [12] (2.8a)-

(2.8b). O

Suppose that [{n. Then from (2.31) we see that the elements (z;,); " (o) ((@ip)1
can be taken to be the matrices o,.(I) used for defining 77 as in (2.7). Thus if we
put o, (1) = (xj); (o )((2ip)1, then it is easy to check that we can write 2,0, (1)
in the form (2.27). More precisely,

zjp0r(l) = oz pbruy,

for some b, € GLo(F}), u, € £P. Similar discussions hold when [|n.

Proposition 2.11. Let® € Sf&(m nt,n7) corresponds to the hy-tuple (¢*, -+, ).
For 1 #£ p, let d =T® or U depending on whether [t n or [|n, and denote by

(51,~~~ ,gghp) the corrsponding hy-tuple. Then given an index j, we have in the
above notations:
(2.32) & (9) =D (@)} ¢ (), g) for g € GLy(F).

-
(So in particular the action of Ty or Uy “permutes the components” of ®.)

Proof. This is a direct computation. First notice that if y satisfies (2.27)-(2.28) as
above, we have for any g € GLy(F}):

D(z;py9) = P(a’zipug)
= (I)(ailapxwgu) = u;l . @(a;lxi,pg)
= (y,'ap) - ®(zipay'g).
(For the last equality note that y and u have trivial component at p, and that z;, z;

have trivial components at all primes above p.)
Consider the case [1n for Tj. The case where [|n for U; is similar. We have:

gj (9) = (z;,p9)
(T®@)(25,09) = D _(07(D)p - B g0 (1))

T

= (@0 B0, (09).

r

By the above computations applied to y = o,.(I), we have

(0r(D)p - ®(5,p0,(1)g) = ()} - P(wipery, 'g) = ab - ¢ (e 'g)
and the result follows. O
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We can similarly define action of the Hecke operators Ty or Uy (I # p) on the
spaces @f;cﬁar(%, V)T and @?ilHl(Ff, V). For instance, if ¢ = (c1,--- ,cn,) €
@?ZplCﬁar(’Z;,, V)L define ¢ = Tie = (¢4, - - - ,Cn, ), where (in the above notations):

(2.33) ci(e) =Y arxpci((an)ye).

An immediate computation shows that if ¢ is the hy-tuple of harmonic cocycles
associated to ® (as in (2.21)), then Tic is the h,-tuple associated to Ty ®.

Similarly, if £ = (k1,--- , kn,) € @?:plﬂl(FE, V), define & =~T[ﬁ = (K1, ,Rn,)
as follows. In the notations above, for the index j and v € I'; (and we continue
denote by ~ its image in F?), then:

(2.34) Kji(y) = Z ay *p mi(oy tyan)

here 7/ is the unique index in (2.30) such that a; 'y, € T; (thus the map r — r/
is a permutation). Note that (2.34) is well-defined independent of the choice of the
cocycles representing the x;’s.

Again we remark that the action of Ty and Uy permutes the components of
@™ CL (T,,V)I! and that of @/, HL(I?, V).
Proposition 2.12. The isomorphism ,‘i;"h : @?LlCﬁar(’Z;, V)Ff — @?z"lHl(Fg,V)
(c.f. proposition 2.9) commutes the action of Ty and Uy for all [ # p.

Proof. This is a direct computation. Let ¢ € EB?:"lC}llar(’Z;7V)F5, denote by k €
@?LlHl(Ff, V) the image of ¢ under x5, any £’ the image of Tic (or Uyc if [|n)
under x5, We maintain the notation of (2.33). Write 7/ := o, 'ya, € I;. Fix
vo € V(7,); at the level of cocycles we compute (to avoid notational difficulty we
omit the subscript p in the computations):

R =Y (e

evg—yvo

Z Zar *p ci(a; te)

ewg—yvg T

Z Z oy *p cie)

-1 —1
T e:a; vo—a; YU

Z Z Q. *p ci(€)

-1 —1
T e Uo—”y/ar, Vg

Z Z oy *p ci(e) + Z Z ay *p ci(e) + Z Z oy *p c;(e).

_ R , _
T ey fvg—vo T ewo—7Y Vo r ei’Y’UO"’Y/a,JlUO
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Now the term

Z Z a, *p ci(e)

—1
" ery'vo—y'a vo

= Z Z ar xp ci(7'e)

r 6:1)0—)04:,1’00

Yo Y (@) xale)

r

—1
S:UOHQT, vo

Y. Y (amxeale)

T

-1
ewg—a ; vo

7 *p (Z Z Qs *p ci(e)).

7 —
T ewg —>ocT,1 Vo

X::Z Z ar xp ci(e) €V

T e -1
ewg—ay. Vo

Hence if we put

(which is independent of ), then
K (y) = Zar *p ki(Y) + % X — X,

Passing to cohomology we obtain ' = Tik (or Uk if [| n) as required. O

In the remainder of this subsection, we recall the relation between the quater-
nionic forms of section 2.1 and Hilbert modular forms via the Jacquet-Langlands’
correspondence. First recall some definitions regarding Hilbert modular forms. For
more details, see [6] chapter 2.

We will generally denote a place corresponding to an embedding of F' into C as
v. Recall that we have fixed an embedding of Q into Qp and C, which allows us to
identify I also as the set of embeddings of F' into C (which necessarily has image
in R).

Notation 2.13. Put Fo = F ®q R, the archimedean component of Ap. For
x € Ap, denote by x its archimedean component, and we denote by xo > 0 the

condition of total positivity, i.e. all components at the infinite places are positive.
For zoo = (xu)uel € Foo; put

er(Zoo) = exp(2mi Zx,,)
vel
and
ep(ite) = exp(—27 Zx,,)
vel
Let ¢r be the standard unitary additive character of Ap/F such that Yp(xe) =
er(Too) for T € Foo.
For any y € Aj., denote by yOp the fractional ideal associated to y.
Put

K(n) = { ( i g ) € GLy(Op)| ven(’A)F}.

This will be the level group in the Hilbert modular case.
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Definition 2.14. Let n be an ideal of Op, and k,v € Z[I] with k, > 2, satisfying
k+42v = (m+2)t for some integer m. By a cuspidal Hilbert modular form of weight
(k,v) and level n (of trivial nebentype), we mean a function f : GLa(Ap) — C,
satisfying the following conditions:

(1) £ satisfies the following transformation properties:
f(zs9) = |2|a"f(g) for all g € GLa(AF),s € GLao(F),z € Ag,

f(gr(0)) = £(g) [ ] e™*
vel
where r(0) = (r,(0,))ver € [1,e;S0(2), with

- cos(f,) sin(6,)
rv(0y) = ( —sin(6,) cos(6,) > ’
f(gr) =£(g) for all g € GL2(AF),k € K(n).

(2) At each archimdean place v, the form f generates the discrete series represen-
tation of GLo(F,) of weight k.

(3) f satisfies the cuspidal condition
/ f(ng) dn =0 for all g € GLa(AF),
N(F)\N(AF)

where N C GLg is the subgroup of upper triangular unipotent matrices.

The complex vector space of cuspidal Hilbert modular forms of weight (k,v), and
level n, is noted as Sk,(n, C).
Remark 2.15. In definition 2.14, for condition (1) to be consistent k, has to be
even (hence also m) for all v € I. If v = 0, then f is said to have parallel weight k.
We note here that the definition employed here is slightly different from definition
2.1 of [10], most notably concerning the central character. The definition in [10]
was convenient for parallel weight forms, but for non-parallel weights situation the
present definition is more convenient.

Remark 2.16. If £ € Sy, ,(n, C), then for an integer 7, the form f’ defined by
(2.35) £/(g) = |det glx" £(g) for g € GLa(Af)
lies in Sk o (n, C), where v/ = v + rt.

Given a form f € Sy ,(n, C), we have the adelic Fourier expansion: let d be an

idele of F' whose associated ideal is the different of F. Then for all y € A%, whose
archimedean component ¥y, is totally positive, and x € A,

(2.36)
f ((% f)) =lylar Y (bsctoc) " C(EydOR, D)vr(Ex)er (icyoc).

0KEeF
(Here for y € R, with I identifies as the set of embeddings of F into R, the
notation y{¥} stands for Iecrvor)
The coefficients C(b, f) ranges over all the integral ideals b of Op (and is un-
derstood to be zero if b is not integral), and are called the normalized Fourier
coefficients of f. The form f is called normalized if C(Op,f) = 1.
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Remark 2.17. In the situation of remark 2.16, we have for all ideal b of Op,
(2.37) C(b,f') =Nb"C(b,f).

Let F be the composite of the image of F' under all elements of Hom(F, Q). For
any subfield F of C that contains F', define

Spw(m, E) = {f € Sk»(n,C)| C(b,f) € E for all b}.
Then Sy ,(n, E) is a E-vector space, and it is a theorem of Shimura [12] that
(2.38) Sgw(m,C) = Sk.(n, E)®@g C.

Hence one can define Sy ,(n, E), for any field E that contains F (in particular for
E=Q.Q,.Cy), by
Sk, E) =Sk ,(n, F) @ E.

For [ { n, one has Hecke operators T} acting on Si ,(n,C), such that on the
normalized Fourier coefficients:

b
C(b, Tif) = C(b L, f) + N ™! C(4f).
If [ n, then one has the operators Uy, for which
Cb,Uf)=C(bL1).
There is also an operator
Vit Skw(T,C) = Ska(n, C)

such that

b

C(o, Vif) = C(7.9)

(here C(%,f) is understood to be zero when [{b). A form in Sy, (n, C) is called
new at q if it does not lie in the span of the image of S ,(},C) under the natural
inclusion and under V.

If f is normalized, and is an eigenvector for T, then the eigenvalue is C(I,f)
(similarly for Uy).

A Hilbert modular form f € Si ,(n,C) is called an eigenform if it is normal-
ized and is an eigenvector for all the Hecke operators, in which case we have
f € Sio(n, Q). Tt is called a newform if it is new at all primes dividing the level n,
in which case n is called the conductor of f.

Suppose that f € Si ,(n,C), with k& + 2v = (m + 2)t as above, is a normalized
eigenform. If x is a finite order Hecke character of F', define the complex L-function
of f and x, for Re(s) > 0, as

(2.39) L(s,f,x) =) w
b

(here x(b) = 0 if b is not relatively prime to the conductor of x). By the eigenform
property it admits the Euler product over prime ideals:

1
2.4 L(s,£,x) =
(2.40) (5, £,%) H 1= x(NC(LE)N 15 fepx (2N (mH28

(here €, = 0 if [ divides n, and is one otherwise). The function L(s, f) can be analyt-
ically continued to an entire function, and admits a functional equation relating the
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value L(s,f,x) to L(m+2 —s,f,x™1). If x is trivial then the value L(m/2 + 1,f)
is the central L-value.

Theorem 2.18. (Jacquet-Langlands’ correspondence) Suppose that n = mntn~
as before. Let ® € Sgﬂ(m nt n7) be an eigenform. In the case where n =0 (and

—m/2  Then there is a unique

hence v = 5t) assume that ® # (XFcycl © Nrdg/ﬁ)
normalized Hilbert eigenform £ of weight (n+ 2t,v), that is new at primes dividing
n=, such that the eigenvalues of ® and f with respect to T coincide. Conversely
given a Hilbert eigenform £ of weight (n + 2t,v), level n, that is new at primes di-
viding w™, there is an eigenform ® € S, ,(mnt n7), unique up to scalar multiples,
such that the eigenvalues of £ and ® with respect to T coincide. If ® is a newform
then so is f and conversely.

Remark 2.19. With ® and f as in theorem 2.18, let ® and f’ be the corresponding
twisted forms as in remark 2.4 and remark 2.16 respectively (for the same integer
r). Then ®" and f’ corresponds under the Jacquet-Langlands’ correspondence.

3. TEITELBAUM TYPE L-INVARIANT

3.1. Rigid analytic modular forms and Coleman integrals. In this section,
we define rigid analytic modular forms and Coleman integrals associated to the
harmonic cocycles defined by (2.21). One new aspect that occurs when F # Q
is that the rigid analytic forms and Coleman integrals to be considered are vector
valued rather scalar valued, and that we need to consider all the different embed-
dings o € I,. The definitions are motivated by the Cerednik-Drinfeld theorem on
p-adic uniformization of Shimura curves over totally real fields, in the form proved
by Varshavsky ([15] theorem 5.3).

For p as before, put W, := Fp2 —{0,0}. Define, for o € I, the natural projection:

(3.1) pry : W, — PY(F7) = FJ U {oo}
pry ((2,y)) = (2/y)°.
We will usually write ¢ for the affine coordinate of P'(Fy). We let GLy(F}) acts

b ) € GLy(Fy), and (z,y) € W,

on W, by the rule: for ( CCL d

(3.2) (ZS)(@w:wwM%m+@)
On the other hand, define the action of GLy(F,) on P'(FY) by the rule: for

a b
( e d ) € GLy(Fp), and t € P'(Fy),

a b a’t + b7
3.3 b= —.
(3.3) ( c d > cot+d°
Then pry is equivariant for the action of GLa(F}).
For any lattice L of Fp27 define L' := L — m, L to be the set of primitive vectors.

Given an oriented edge e = (s,t) € £(7,), choose lattices L, and L; that represents
s and t, such that L, contains L; with index N p. Put

(3.4) Ug = pry (L N Ly).
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Note that U? is independent of the choices of Ly D L; and depends only on e. It
is an open compact subset of P*(F), and {UZ }ccg(7,) forms a base of the p-adic
topology of Pl(Fg).

Referring to the notations of section 2.1, for (n,v) as before, put L = L7 (n,v) :=
Hg/;ég L, (n0’7 Ua’)- We identify L, (naa 'UU)®CP Le (ﬂa Q) = L(ﬂ7 Q)' EqUip Le (ﬂ; Q)
with the right action of B¢ as in definition (2.1) (except for the disappearance of
the factor L, (ne,v,)). Put V7(n,v) to be the C,-linear dual of L7 (n, v), with the
dual left action of B.

For @ satisfying the conditions of proposition 2.7, we have the hp-tuple of har-
monic cocycle cy; defined as in (2.21). We want to define a V7 = V7 (n, v)-valued
locally analytic distribution MZ; on PI(FI;’) associated to Coi, fori=1,--- hy.

In general let ¢ € C}, (75, V)™ . As described in [14] proposition 9, the methods
of Amice-Velu and Vishik allow us to define the V?-valued locally analytic distri-
bution pg on Pl(Fg ), characterized by the property: for any P € L,(n,,v,), the
value of the integral

/ P(t) dul € V°

vg

is given by the following: for any Q € L7,

(35) ([ PO d0)@ = ey e)Pec, @)

The distribution p? can be used to integrate locally meromorphic functions on
Pl(FI;’ ) that are locally analytic on F7, and with a pole of order at most n, at cc.
Note that by condition (2.19), we have

(3.6) / P(t) dul(t) =0for all P € Ly(ny,vs).
PL(Fy)

The invariance of the harmonic cocycle ¢ with respect to ff can then be stated
as follows: for all vy € I'Y, and P € L, (ny,v,),

a0 [ PO iz = Nedmye 2 ([ Pln) duz o)

Let H Fg be the p-adic upper half space over Fy, which is a rigid analytic space
over Fy whose C,-points are given by Hre(Cp,) = P'(C,) — P'(F7) be the p-
adic upper half plane over FJ; notice that the embedding o of F, into C, has to
be specified (if F,/Q, is galois, for example when p |p is unramified, then H Fy is
independent of the choice of o € I,). We equipped the action of GLy(F},) on Hpg
as in the case of P!(F7), c.f. equation (3.3).

Denote by OHFg the structure sheaf of C,-algebras of the rigid space Hryg-
Define the V?-valued rigid analytic function f7 on Hpg (Cp) by the p-adic Poisson
type integral formula

1
(3.8) £9(2) = / —— duZ (1) for = € Hrg(Cy).
PL(Fg) z



L-INVARIANTS OF HILBERT MODULAR FORMS 19

Using (3.6) and (3.7), one can show that the function f7 satisifes the transformation
property: for v € ff, let v7 = < C(l:" 30 > € GLa(Fy) be the image of v, €

GL2(Fy,) under o. Then:

(3.9) fg(’Yp - 2)
= |Nrdg/r 'Yl;n/z(NrdB/F )TNz +d7) Py - (f(2)).

The V7-valued function f7 is an example of a vector-valued rigid analytic modular
form.

We now define the Coleman integrals. For 71,79 € HF;r, and P € L,(ng,,v,),
define

(3.10) / T P(2)f5, (2)dz = /P

Here log, : C; — C, is Iwasawa’s p-adic logarithm, defined by the condition
log,(p) = 0.

t—TQ

dupg (t .
o) Al eV

P(t)log, (
Y(Fy)

Proposition 3.1. For any v € I‘,’;, we have:

(3.11) /W P(2)f7(2)d>

pT1
T2
= Ny ([ (PRS2 (i),
T1
Proof. With notations as in (3.9) we compute, using (3.7):

/jm P(2)f7(2)d=

pT1

t— YT
N (P 1os, (2527 )
Pl(Fg

Yot — VeT1
m/2 t—To T +d° -
| Nrdg ey %3y (/ . Plyy(t) logp( 7) dpg (t))

t*’]’l CUTQ+dU

P1(Fg
t—TQ
— |Nud /2 (/ Ply,(t)1 )d"t
| Nedp/p ylp" " - Iw()ogp(t_T1 uc())

Nrdg, |5 log, ("2 / Plyp(t) dud(t)).
Nty paly oy (T2 ) e () Piwlt) i (6)

By (3.6), the second term in the last expression is zero, and hence we obtain the
result. (]

3.2. Definition of L-invariants. With the notation of the previous section, let
ce (T, V)T, For each o € I,,, define a V-valued cochain A7 on I'} as follows.
Choose base point zj € Hpg. Let v € f';, and by abuse of notation we continue to
denote its image in I'? as . The value AJ(v) € V is determined as follows: it suffices
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to specify the evaluation of A7 () on tensors of the form P®Q € L = L(n,v), with
P € Ly;(ns,vs), Q€ L7(n,v); then

(312) were = ([ PerEE)@.

20

By (3.11) it can be checked that A7 is a cocycle on I'! (with respect to the
xp action of I'¥ on V as in section 2.4), and that the class of AZ in H'(I?,V) is
independent of the choice of zy. This defines a map

(313) CO]U Char(lz;’ ) : - HI(FS7V)
¢ +— class of AJ.

col,o

Denote by ), ” the direct sum of the maps

(3.14) KO gt O (T, VT = @l HY(TP V).

The same computations as in section 2.5 show that

col,o

Pr0p051t10n 3.2. The map Ky
[#p.

commutes the Hecke operators Ty, Uy for all

Let ® € S, »(mn*,n7) be a newform that satisfies the condition of proposition
2.7, and corresponds to the tuple (gzﬁ},, cee (bg“) For o € I, we have the cohomology
class KZCO] “(¢}) given by the Coleman integral. Denote HCOI 7(®) = @l 1f<;COI 7(¢})-

Thus we have a pari of hy-tuple of cohomology class REOI’U (®), H;Ch 7(®).
To define Teitelbaum’s L-invariant, we need the following multiplicity one-statement.

Proposition 3.3. The ®-eigenspace of the module ®,* he Hl(FID V') with respect to
the operators Ty, Uy for all | # p is one-dimensional.

Proof. By proposition 2.9 we have an isomorphism between @?LlH 1(F‘;, V) and
@?zplCﬁar(’Z;, V)'Y, and the latter is isomorphic to the Up-eigenspace of
SB (mnt n7)P~mev with the Uy-eigenvalue being equal to N p™/2; the isomor-
phisms commute with the Hecke operators Ty, U; for all [ # p. Thus the ®-
eigenspace of the module @?ilH L('? V) is isomorphic to the ®-eigenspace of
SE (mnT n7)P ~"e with respect to all 77, U;. This is one-dimensional by theo-
rem 2.18. O

Thus both KJ,C,OI’U( ) and k5" (@) lie in ®-isotypic component of the Hecke module
h” (HY(T?,V). By proposition 3.3, the ®-isotypic component of @?:PlHl(Fg,V)

is one-dimensional, with a basis given by x5 (®). It follows that there is a unique
£37(®) € C,, such that

(3.15) K7 (@) = L7 (@) (D).

In particular we have

(3.16) K57 (8) = L7 T (@) ()
foralli=1,---, hy.
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Definition 3.4. Let ® satisfies the condition of proposition 2.7, and £ be the Hilbert
newform corresponding to ® under the Jacquet-Langlands correspondence. The
o, Tei

Teitelbaum L invariant Ly~ (f) of £ at the prime p, with respect to o € I, is the

quantity ﬁg’TCi@)) as defined in (3.15) (recall that £ determines ® uniquely up to
scalar multiple, so Ly (f) is well-defined). Finally put

(3.17) LE(E) =Y Ly ().

o€l

It can be checked that the L-invariant Eg’Tei(f) is independent of the choices
that occur in (2.1), (2.2) and (2.15).

Remark 3.5. With f as above, let f’ be the twist of f as in remark 2.16. It follows
from remark 2.19 and remark 2.8 that £5"% (f) = L3 (£").

With f as in definition 3.4, we have p divides exactly the conductor of f, and
that

C(p,f) = Npm/2.

A condition which is equivalent to saying that the p-component of the cuspidal
automorphic representation generated by f is the special representation of GLa(F})
(by the results of Casselman [3]). As in the introduction we have the Fontaine-
Mazur type L-invariant Eg’FM(f) for each o € I,. Recall that ES’FM(f) depends
only on pt|a B where pr is the two-dimensional p-adic Galois representation of Gp
attached to f.

Conjecture 3.6. We have the equality
L3 = £77(E).

In the case F' = Q this was proved by Iovita-Spiess ([7] theorem 6.4). Conjecture
3.6 would imply that E‘;’FM (f) can be computed from the automorphic side, and
conversely that Eg’TEi(f) depends only on pelg,, . In particular Eg’Tei(f) does not
depend on the factorization of the conductor n = mntn™.

4. STATEMENT OF THE EXCEPTIONAL ZERO CONJECTURE

To conclude, we state the exceptional zero conjecture for the p-adic L-functions
of Hilbert modular forms, using the Fontaine-Mazur type L-invariants. Thus in
contrast to the previous sections, we do not assume that the Hilbert modular forms
arise from definite quaternion algebras via the Jacquet-Langlands’ correspondence.

We recall the properties of p-adic L-functions of Hilbert modular forms, as de-
fined by Dabrowski [4].

First we need some notations. Let ¢ = ®,1, be a Hecke character of F' of finite
order. Denote by sig(y)) € {+1}%, the signature of v, as the d-tuple (¢, (—1)),00-
Thus sig(¢) = (1,---,1) if ¢ is unramified at all the infinite places. As another
example, let wq be the Teichmuller character of Q. Regarding wq as a Hecke
character of Q, and letting wr = wq o Np/q, one has sig(wr) = (—=1,---,—1).

Denote by ¢, the conductor of ¢, and by 7(¢) the Gauss sum associated to ¢
([12], equation 3.9).
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Let f € S, 42;.4(n) be a normalized Hilbert newform, with n+ 2v = m¢ for some
even integer m. Put

Ty = MaX Vs, r° =min(n, + v,) =m — r,.
oel oel

Then for r. < r < r*, the values L(r + 1,f) are the critical values in the sense
of Deligne of the complex L-function L(s,f) associated to f. The central crticial
value is L(m/2 + 1,f).

We have Shimura’s rationality result on L-values, c.f. [12] theorem 4.3 (I), and
[4] remark (ii) on p.1027: for every w € {41}, one can choose Q¥ € C*, such that,
for integer 7, < r < r*, and finite order Hecke character ¢ of F', with conductor
¢y, the value:

HUEIF(T+1_UU) DTFL(T+17f5¢)
[1,c;(=2mi)r—vs T(qpfl)Q;—l)rsig(w)

lies in the (finite) field extension of Q generated by the normalized Fourier coeffi-

cients of f and the values of 9, so in particular is an algebraic number (here Dp

is the discriminant of F', and I'(s) is Euler’s I'-function). It is called the algebraic

part of the critical value L(r + 1,f,1)).
Now for each q|p, factor the Hecke polynomial at g:

(4.2) X2 = C(a, )X + 6N g™ = (X — a())(X — B(a))

(here e = 1 if g t n, and equal to zero otherwise).
For each q|p order the roots a(q), 8(q) so that ord, a(q) < ord, 3(q). Assume
that ord, a(q) < oo for all p [p. We refer to [4] theorem 1 for the following statement:

(4.1)  LY8(r+1,f,9) =

Theorem 4.1. For any finite order Hecke character x of F' unramified outside the
places p and oo, there is a p-adic analytic function the function Ly(s,f, x) fors € Z,
(called the p-adic L-function of £ and x), that satisfies the following interpolation
property: for all integers r, <1 < r*, we have

(43)  Ly(r+1,£,x) = [[ &(f o) - 50+ LE, (i) 7).

qlp
Here
(4.4)
o xwp @NgT o (wr) TN @)B)
E(f,x,m) = (1 ala) )(1 g ) if g1 CywsT
On the other hand if q|c, ot then
qu+1 n

(4.5) E(f.x.r) = ( @) )" with n = valg Cwp”

Let S be the set of primes p |p such that p exactly divides n, and such that
(4.6) a(p) = C(p,f) = Np™/2.

If p € S, and X is a finite order Hecke character of F' such that xo(p) = 1, then by
(4.5), we have &, (f, Xow?/27 m/2) = 0. Hence in this case, we have by (4.4):

(4.7) Ly(m/2 4 1,£, xow'?) =0

in which case we say that Ly(s,f, Xow?/Q) has an ezxceptional zero at s =m/2 + 1.
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£3M ).

For each p € S, put LM (f) := >er, Lp

Now we state

Conjecture 4.2. Denote by e the the cardinality of S. Assume that e > 1. Then
for xo a finite order Hecke character such that xo(p) = 1 for all p € S, the p-adic

L-function Ly(s, f,Xow?/z) vanishes to order at least e at s = m/2+ 1. We also
have the derivative formula:

e
ds¢ s=m/2+1

= TIet) T &t xowi’® m/2) - L%(m/2 + 1,£, xo).
pes qlp, a¢S

(4.8) Ly(s, £, xow'?)

Remark 4.3. Let E/F be a modular elliptic curve over F', in the sense that there

is a Hilbert newform fg of parallel weight 2 with conductor n equal to that of F,

such that the Galois representation of Gg on the p-adic Tate-module of E/F is

isomorphic to pg,. Suppose that p € S. Then E has split multiplicative reduction

at p, hence E/F, has a p-adic Tate uniformization. Let Qr € p O, —{0} be the

Tate period of E/F,. Then it can be shown (as in [1] section II.4) that for o € I,
_log, QE  log, QF

LU,FM f _ _ )
p o (fe) val, Q% val, Qg

Thus
LM (fp)
_ Z log, Q% _ log, Nr, )q, Qr

val, Qg val, Qp

o€l
logp NFP/QP QE
p/pordZDNFp/Qp QE

(here f, , is the residue field degree of F},/Q,). So in this case conjecture 4.3 is
the conjecture of Greenberg and Hida (stated as conjecture 9.1 of [10]).

5. APPENDIX

Here we prove proposition 2.9. We largely follow de Shalit [11] whose arguments
we extract and suitably generalized.

Recall that TP = IP/(O%))<. Put (I*); := I* N By, where B; = {y €
B, Nrdg,ry =1}, and (I'f); := (I'});/{£1}. Then we have an exact sequence
Nrd
L= (M = TP 7= (0F)/(0F) ).

Note that (Og))x/((OEﬁ))X)Q is finite, hence (I'{); is normal of finite index in ff

Now I'! embed as a discrete finitely generated cocompact subgroup of PGLy(F})
([5] chapter 9), and by loc. cit. we can pick I' C (I'?); that is normal of finite index
in T'¥ and is free (called an arithmetic Schottky group). Put A =T'? /T, then

A
Ol (T, V)T = (CLau (T, V)Y)

HYITE, V) =HY (T, V)2
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Hence it suffices to show that the map
’%%Ch : Clllar(lrpa V)F - Hl (Fa V)
¢ — class of k.
is isomorphism.
Note that since I' C By /{£1}, its action on L(n,v),V(n,v) does not “see” the
determinant factor involving v. In conjunction with this, for an even integer n,

denote by Sym"(C,) the C,-vector space of polynomials in one variable of degree
at most n, with right action of PSLy(C,) = SLy(C,)/{+£1} given by the usual rule:

for g = ( CCL b ) € PSLy(C,), and P(t) € Sym"(C,),

d
at+b
Plg(t) = (ct+d)" - P .
Denote by (Sym"(C,))* the dual of Sym"(C,), with the dual left action of
SLy(C,).
Next we observe that dim C}, (7,, V)" > dim H'(I', V). Indeed, let v and ¢ be

the number of vertices and unoriented edges of the finite connected graph I'\7,.
Then g = ¢ — v + 1 is the genus of the graph, and I is free on g generators. First
compute the dimension of H'(', V). Denote by D = []_.,(n, + 1) the dimension
of V = V(n,v). Then the dimension of the space of cocycles on I" is g¢D. On the
other hand, the dimension of the space of coboundaries on I' is equal to D if n # 0
(since VI' = 0), and equal to 0 if n = 0 (since we can take V = C,). Hence

g-1)Difn#0

- _
dim H (I‘,V){ gifn=0

Lo (Zo, V)E. When n = 0, we can take V = C,,
and it’s well-known that its dimension is g. In general, to define an element of
Ct.(7,, V) one needs to specify an element of V on the ¢ unoriented edges of I'\ 7,
subject to v linear conditions at the vertices. It follows that dim C}, (7,, V) >
¢e-D—v-D=(g—1)D, as required.

Thus it suffices to show that x{! is injective.

Denote:

CUT, V) = {g:V(T,) -V}
CYT,,V) = {f:E&(T,) =V, f(€) =—F(e) for all edge e}.
We have a map d : C°(7,,V) — CY(T,,V): if g € C°(7,,V),
(dg)(e) = g(t(e)) — g(s(e))-

It is easy to see that d is surjective: fix a vy € V(7,). Then for f € C(7,,V),
define g € C°(7,,V) by

Now consider the dimension of C}!

gw)= > fle)

e:vg—v
Then dg = f.
Thus we have a short exact sequence of I'-modules:

0=V —C%T,, V)% CY(T,, V) — 0.
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Put C?

har

(7, V) =d~H(Cy

har

(7,,V)). Then

0=V = O (T, V) 5 CLu(T,, V) — 0.
This gives the associated long exact sequence

00—V = (T, V)T % O (T, V)T 2 HA (T, V).

A direct computation shows that the connecting homomorphism 9 is equal to — k.

Hence it suffices to prove that V' = CP, (7,,V)'.

To prove this we need a rational structure on the C,[['-module V.

Let K be the Galois closure of F'in Q. Then K is again totally real. Fix an
embedding of K into C,. We are going to define a K-vector space U, with K-linear
action of I, such that U ®x C, = V' as I-module. Then VI =UT @k C,. While
Ohae(Tp. V) # Ol (T, U) @ Gy we do have Of,, (T, V)T = (Ol (T, 1) @ Cy)'
since I'\7, is finite. The latter is equal to C?, (7,,U)" @k C,. So it suffices to
show that U" = CP, (7,,U)".

We now define such a K-structure for V. Say the quaternion algebra B is defined

by
B=F+ Fa+ Fp+ Fap

where a8 = —fa, o? = a,3% = b, with a,b totally negative elements of F. Now
since we have fixed an embedding of K into C,, we can identify I, the set of
embeddings of F' into Qp, with the set of embeddings of F' into K. For each
embedding o € I, put B, := B®po K. Let By, :={£ € Bk, Trdp, . /x(£) =
0} (spanned over K by a ® 1,5 ® 1,a8 ® 1 for instance), and by (Bg,,)1 = {£ €
Bg.s, Nrdp, ,/k(§) =1}. Here Trdp, , x,Nrdp, , ik are the reduced trace and
reduced norm on B, (which are induced from that of B). We have the right
action of (B )1 on B, by conjugation.

There is a K-valued positive definite inner product ( , ) on B?(’U, defined as
follows: for 0,¢ € B,

(0,8) = Trdg, /K (057)
where § — &£* is the canonical involution of Bk , (again induced from that of B).
It is immediately seen to be invariant under (Bg s )1.
Define W , to be the K-dual of B(I)(J. It inherits the (Bg s )i-invariant inner
product from B?(,w For example, define X ,, X2+, X3, to be the elements of W ,
dual toa®1,8® 1,a8 ® 1. Then

(Xl,aaXl,U) = —1/@0, (X2,0'7X2,0') = _1/b0a (X3,07X3,0) = 1/(ab)a-

Let (Bk,»)1 acts on the left on W ,, by dualizing the right action of (Bg )1 on
BY. .

For integer m > 1, Define Wy, , to be the m-th symmetric power of W ,, with
the induced action of (Bk,y)1. The dimension of W, , over K is (™ 2), and can
be viewed as the space of homogeneous polynomials in X 5, X5 5, X3, of degree m
with coefficients in K. It inherits the (B o )1-invariant inner product from Wi ,.

Now denote by A, : Wy, o — Wi—2 » the Laplacian:
1 0? 1 02 . 1 0?
a® 0X3?, b7 0X3, (ab)7 9X3,’

A, =
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The map A, is surjective (with the convention that W_; , = 0, and Wy , = K)
and commutes with the action of (Bk,s)1. Hence if we define U,, , := ker(A, :
Wm.o = Wm—2). Then U, , has dimension 2m + 1 over K, with the action of
(Bk,s)1- Furthermore when we extend scalars from K to C,, then U, , @k C,
becomes isomorphic to (Sym®”(C,))*, with the isomorphism commuting with the
action of (B )1 ([8], corollary 2.16 part(1)). Here (Bk ,)1 acts on (Sym>”(C,))*
via (here q|p is the prime for which o € I):

(5.1)

(2.1)
(BK,J)l - (BK,G K Cp)l = (B OF,c Cp)l = (Bq ®Fq70' Cp)l = SL2(Cp)-

In particular when restricted to Bj, this can be described as follows: for v € By,

let < i” Z" ) € SLy(C,) be the image of v ® 1 € (Bg )1 under the map (5.1).

Then for h € (Sym®™(C,))*, the action of v ® 1 sends h to h', where

a’t + b°

WPW) = h((t+d P (D)

for all P(t) € Sym®™(C,).

In particular, it follows that for V = ®4c1Vy(ng, vs), with n, = 2m,, we can
put U = ®yecrUm, 0. The action of By on U is via the tensor product action coming
from the embedding By — ][], c;(Bk,s)1- Then V is isomorphic to U @k C,, and
the isomorphism respects the action of I' . We also see that U inherits a I'-invariant
inner product ( , ) from the inner products on each Uy, .

The T-invariant K-valued inner product ( , ) on U can be used to define non-
degenerate billinear forms on C°(7,,U)r" and C1(7,,U):

(g1,92) = 3 (91(v),92(v)) on CO(T,, U)F
vel'\V(7,)

(fi,f2) = Z (fi(e), f2(e)) Oncl(Tp»U)F-
e€T\EX(Ty)/{£1}

Here £(7,)/{£1} means we take the edges of £(7,) modulo orientation. Since K
is real, these are actually inner products, i.e. positive definite.
Define § : C*(7,,U) — C°(7,,U) by

Sfw)= > fle).

t(e)=v

Then f € C},,(7,,U) if and only if §f = 0.
By direct computation, we have for f € C°(7,,U)", g € C1(7,,U)":

(f.dg) =(5f,9).

Now we can complete the proof as follows. Suppose that g € C’Sar(%, U)F. Then
dg € C},.(T,,U)"', so ddg = 0. Thus

(dg,dg) = (6dg, g) = 0.

This implies dg = 0 by the positive definiteness of { , ). Thus g € UT.
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