REGULATORS FOR RANKIN-SELBERG PRODUCTS OF MODULAR FORMS

FRANCOIS BRUNAULT AND MASATAKA CHIDA

ABSTRACT. We prove a weak version of Beilinson’s conjecture for non-critical values of L-functions for the
Rankin-Selberg product of two modular forms.

INTRODUCTION

In his fundamental paper [2, §6], Beilinson introduced the so-called Beilinson-Flach elements in the higher
Chow group of a product of two modular curves and related their image under the regulator map to special
values of Rankin L-series of the form L(f ® g,2), where f and g are newforms of weight 2, as predicted by
his conjectures on special values of L-functions. These elements were later exploited by Flach [11] to prove
the finiteness of the Selmer group associated to the symmetric square of an elliptic curve. More recently,
Bertolini, Darmon and Rotger [4] established a p-adic analogue of Beilinson’s result, while Lei, Loeffler and
Zerbes [18] constructed a cyclotomic Euler system whose bottom layer are the Beilinson-Flach elements.
These results have many important arithmetic applications ([5], [18]).

Our aim in this paper is to define an analogue of the Beilinson-Flach elements in the motivic cohomology
of a product of two Kuga-Sato varieties and to prove an analogue of Beilinson’s formula for special values of
Rankin L-series associated to newforms f and g of any weight > 2. More precisely, we prove the following
theorem.

Theorem 0.1. Let f € Sp2(T'1(Ny), xf) and g € Ser2(I'1(Ng), xg) be newforms with k,£ > 0. Assume
that the Dirichlet character x modulo N =lecm(Ny, Ny) induced by X x4 is non-trivial. Let j be an integer
satisfying 0 < j < min{k,£}. Assume that the automorphic factor Ry 4 n(j + 1) defined in Section 5 is
non-zero (this holds for example if gcd(Ng,Ng) =1 orif k+ £ —2j ¢ {0,1,2}). Then the weak version of
Beilinson’s conjecture for L(f ® g,k 4+ €+ 2 — j) holds.

The range of critical values (in the sense of Deligne) for the Rankin-Selberg L-function L(f ® g, s) is given
by min{k, ¢} + 2 < s < max{k, ¢} + 1, so that our L-value L(f ® g,k + ¢ + 2 — j) is non-critical. In fact,
the integers 0 < j < min{k, ¢} are precisely those at which the dual L-function L(f* ® ¢g*, s+ 1) vanishes at
order 1.

We refer to Theorem 6.4 for the explicit formula giving the regulator of our generalized Beilinson-Flach
elements. In the weight 2 case, an explicit version of Beilinson’s formula for L(f ® g,2), similar to Theorem
6.4, was proved by Baba and Sreekantan [1] and by Bertolini, Darmon and Rotger [4]. In the higher
weight case, a similar formula for the regulator of generalized Beilinson-Flach elements was proved by Scholl
(unpublished) and recently by Kings, Loeffler and Zerbes [17]. As a difference with [17], we work directly with
the motivic cohomology of the Kuga-Sato varieties (instead of motivic cohomology with coefficients), and we
prove that our generalized Beilinson-Flach elements extend to the boundary of the Kuga-Sato varieties (see
Sections 7 and 8). Another interesting problem is the integrality of the generalized Beilinson-Flach elements.
In the case f and g have weight 2, Scholl proved that if g is not a twist of f, then the Beilinson-Flach elements
belong to the integral subspace of motivic cohomology [22, Theorem 2.3.4]. We do not investigate integrality
in this article, but it would be interesting to do so using Scholl’s techniques.

The plan of this article is as follows. In Section 1, we recall the statement of Beilinson’s conjecture for
Grothendieck motives. In Section 2, we recall some basic results about motives of modular forms and describe
explicitly the Deligne cohomology group associated to the Rankin product of two modular forms. After
recalling Beilinson’s theory of the Eisenstein symbol (Section 3), we construct in Section 4 special elements
Zk47(B) in the motivic cohomology of the product of two Kuga-Sato varieties. After recalling standard
facts about the Rankin-Selberg L-function (Section 5), we compute the regulator of our elements Z*47(3)
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in Section 6. We then show in Sections 7 and 8, using motivic techniques, that a suitable modification of

the elements Z%47(3) extends to the boundary of the Kuga-Sato varieties. Finally, we give in Section 9 the

application of our results to Beilinson’s conjecture.

We would like to thank Frédéric Déglise and Jorg Wildeshaus for very stimulating discussions on the
topic of motives. We also thank Jan Nekovar for helpful discussions and comments on our work. The second
author is partly supported by JSPS KAKENHI Grant Number 23740015 and the research grant of Hakubi
project of Kyoto University.

1. BEILINSON’S CONJECTURE

Let X be a smooth projective variety over Q. For a non-negative integer ¢ and an integer j, let
H',(X,Q(j)) be the motivic cohomology and Hj(Xr,R(j)) be the Deligne cohomology. Then one can
define natural Q-structures B; j and D; ; in detg (H5 ' (Xg,R(j))) (see Deninger-Scholl [10, 2.3.2] or Nekovér
(19, (2.2)]). Denote the integral part of motivic cohomology by H',(X,Q(j))z. Then Beilinson defined the
regulator map ' '

rp s HifH(X, Q) — Hy ™ (Xe, R(j))
and formulated a conjecture for the special values of the L-function L(h(X),s) as follows.

Conjecture 1.1 (Beilinson [2]). Assume j > (i +2)/2.
(1) The map rp ® R :'Hj\‘;l(X,Q(j))Z R — Ho T (XR,R(H)) is an isomorphism. -
(2) We have rp(detHﬁl(X, Q(j))z) = L(h'(X),j) Di; = L*(h"(X),i+1—j) B, ;, where L*(h'(X),m)
is the leading term of the Taylor expansion of L(h'(X),s) at s = m.

In the case of the near-central point j = (i + 2)/2, we have the following modified conjecture. Let
NI7HX) = CH™1(X)pom ® Q be the group of (j — 1)-codimensional cycles modulo homological equivalence.
The cycle class map into de Rham cohomology defines an extended regulator map

P Hyg (X, Q(5) & N7 (X) — Hp™ (Xz, R())-
Conjecture 1.2 (Beilinson [2]). Assume j = (i +2)/2.
(1) (Tate’s conjecture) We have ords—;L(h'(X),s) = — dimg N771(X).
(2) The map rp @R : ('qul(X, Q())z @ Njfl(X)) ®R— HS N (Xg,R(5)) is an isomorphism.
(3) We have fp(det(Hy}' (X, Q(5))z ® NV~ 1(X))) = L*(P*(X), j) - Dij = L*(B*(X),j — 1) - By ;.
We will now formulate a version of Beilinson’s conjectures for Grothendieck motives. Let M = (X, p) be

a Grothendieck motive over Q with coefficients in L, where X is a smooth projective variety over Q and p
is a projector in CH¥™ X (X X X)pom ®gq L. We define the Deligne cohomology of M by

Hp(M, j) = p«(Hp (X, R(j)) © L).
Let us assume that M is a direct factor of h'(X)® L. We have an L-function L(M, s) = L(H'(M), s) taking
values in L ® C. Moreover, there are natural L-structures B; j(M) and D; ;(M) in detyerHi ' (M, j). We
define Beilinson’s regulator as
rp s Hy (X, Q) ® L — Hp' ' (X, R(j)) ® L — Hp' (M, j),
where the last map is the projection induced by p.. Similarly, we define an extended regulator map 7p in
the case j = (i +2)/2. Assume Conjecture 1.1 (1) for X. Then Beilinson’s conjecture for L(M,s) can be
formulated as follows.
Conjecture 1.3. (1) If j > (i +2)/2, then p(rp(det  Hiy (X, Q(4))z ® L)) = L(M, 5) - D; j(M).
(2) If j = (i +2)/2, then p.(Fp(detr (H3G (X, Q(j))z ® NV H(X)) ® L)) = L*(M, j) - D j(M).

Since Conjecture 1.1(1) is in general out of reach, we formulate a weak version of Conjecture 1.3 as follows.

Conjecture 1.4 (Weak version). Assume M is a direct factor of h'(X) ® L. Let MY = (X,'p,i) be the
dual motive of M.
(1) If j > (i + 2)/2, then there exists a subspace V of Hﬂl(X,Q(j)) such that p«(rp(V ® L)) is an
L-structure of H5' (M, j) and

det p.(rp(V ® L)) = L(M, j) - D j(M) = L*(M",1 - j) - B; ;(M).
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(2) If j = (i+2)/2, then there exists a subspace V' of Hj\jl(X,Q(j)) ® NI=L(X) such that p.(Fp(V L))
is an L-structure of HZDH(M,]') and

det p.(Fp(V ®@ L)) = L*(M, j) - D; ;(M) = L*(M",1 - j) - B j(M).

Remark 1.5. We could have required a stronger property in Conjecture 1.4, namely that V' is a subspace of
Hﬂl(X ,Q(7))z. But since we don’t consider the problem of integrality of elements of motivic cohomology
in this paper, we leave Conjecture 1.4 as it is.

2. MOTIVES ASSOCIATED TO MODULAR FORMS

Let us recall some basic properties of motives associated to modular forms. Let Y = Y (N) be the modular
curve with full level N-structure defined over Q and j : Y — X = X (V) the smooth compactification. Let
7 : E —Y be the universal elliptic curve over Y and 7 : E — X be the universal generalized elliptic curve.
Then FE is smooth and proper over Q. For a non-negative integer k, denote the k-fold fiber product of E over

Y by E* and the k-fold fiber product of E over X by E". Let E* be the Néron model of E¥ over X and E**
_ =k

the connected component. If k& > 2, then E' is singular. Let E — EF be the canonical desingularization

constructed by Deligne.

Let f € Spr2(T'1(V), x)™V (kK > 0) be a normalized eigenform. Let K; C C be the number field generated
by the Fourier coefficients of f. Let M(f) be the Grothendieck motive associated to f [21]. It is a motive

of rank 2 defined over Q with coefficients in K ;. The motive M (f) is a direct factor of ®**1(E" ) ® K;. By

Grothendieck’s theorem, we have an isomorphism H5™ (M(f)) ® C = Hgl‘{l(M(f)) ® C between Betti and

de Rham cohomology. The K; ® C-module H(’ff{r Y(M(f)) ® C is free of rank 2, with basis {wy,@f+}, where
wp = 2mi)* L f(T)dr Adzy Ao A dzy.

We denote w) = G(x) 'wy, where

NX
Gx) =Y x(u)e™/MNx
u=1

is the Gauss sum of the Dirichlet character x and N, is the conductor of x. By [17, Lemma 6.1.1], we have
| HE(M(f) i <0,
Fil' Hid ' (M(f)) = K¢ - o) if1<i<k+1,
0 ifi >k+2.
By Poincaré duality, we have a perfect pairing of K ¢-vector spaces
Hy (M (f*)(k+1)) x Hg ™ (M(f)) = Kj.

Now, let f € Spa2(T1(Ng), x5)™Y, g € Ser2('1(Ng), xg)*" (€ > k > 0) be normalized eigenforms. We
consider the Grothendieck motive
M(f®g):=M(f)®M(g).
This motive has coefficients in Ky, := KyK, and is a direct factor of
—k — —k —
th(ENf) ® hé“(ENg) ® Kjfg C thJr2(ENf x Ey,) ® Ky,g.

Let j be an integer such that 0 < j < k and put n = k+ ¢+ 2 — j. The Deligne cohomology of M (f ® g)(n)
can be expressed as follows. The de Rham realization

Ha (M (f @ 9)) = Hig ' (M(f)) ® Hyg! (M (9))
has dimension 4 over Ky . Moreover Fil" H, é“g“Q(M (f ® g)) is the K g-line generated by w ® wy. Then
we have an exact sequence

(21) 0= FiI" B2 (M(f © 9)) ©R = HpH P (M(f @ g)(n —1))* @ R — Hpt P (M(f © g)(n)) — 0.

In particular HE ™3 (M (f ® g)(n)) is a free K, ® R-module of rank 1.
The exact sequence (2.1) induces a Ky g-rational structure on Hlk)HJr?’(M (f®g)(n)). Let us make explicit
a generator of this rational structure. Let ef be a K-basis of HETH(M(f))*, and let egi be a K -basis
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of H'(M(g))*. Under the comparison isomorphism Hp ™ (M(f)) ® C = HY(M(f)) ® C, we have
wy = a?e}r +ase; for some a;f, oy € C. Note that a;f € R and oy € iR. Similarly, let w, = a;eg +age,.
The K 4-vector space HEHH(M(]“ ® g)(n —1))" admits as a Ky ,-basis (e1, e2) where

el = e}L el g ® (2mi)" 1,
e2=¢€; ® eV @ (2mi)™ L
The image of w} ® wy in HEF2(M(f © g)(n — 1))t @ R under (2.1) is given by

m(wp ©wp) = Glxp) " Glxg) ey ep @ el + Glxg) I Glxg) tafayT e @ e
= Glx) ' Glxg) " 2mi) T (af o) ey + agal ™ e).

Thus a rational structure of H. k+£+3( M(f ® g)(n)) is given by
= G(xs)Gxg) (2mi)"H(af af V") en.
Since M(f ® g)(n —1)¥V =2 M(f* ® g*)(j + 1), we have a perfect pairing
HE (M (f @ g)(n— 1)) x Hg™ 2 (M(f* @ g%)(j + 1)) = K.

Now, let us define a canonical element Q € HE™2(M(f* @ ¢*)(j + 1)) ® C, which we will use to pair
with the regulator of our generalized Beilinson-Flach element. Under the canonical isomorphism

dar : HiF P (M(f7) @ M(g7)(j + 1)) = HIZ T (M(f) @ M(xs) @ M(g) ® M(x,)(j +1)),

the element G(7) 'G(xg) 'ws+ ® wy corresponds to a K -rational multiple of w} ® w(xy) ® wy ® w(Xg),
where w(x) is basis of H{z (M (x7)).

We recall the periods for motives associated to Dirichlet characters with coefficients in E. Let M(x)
be the motive associated to y with coefficients in a number field £. Then the period of the comparison
isomorphism H% (M (x)) = E(x) — Hig(M(x)) = G(x) - E is given by G(x)~!, where E() is the rank one
E-vector space on which the Galois group Gal(Q(e?™/Nx)/Q) acts via x and G(x) - E is the E-vector space
generated by G(x) (for details, see [7, Section 6]).

Under the comparison isomorphism

¢ HEMF2(M(£)@ M (xp) @ M(g)® M (xg) (j+1))®C = HATH2(M(f)@M (xp)© M ()M (xg)(j+1))®C,

we have
¢ (W @ w(xy) ®w, = (ajef +aje; g€y tages
¥ Xf) ®uwy ®@w(xg)) = (aje; +ajer) @ (age, +age;) @e(xy) @ e(xg)-

Let e Y be a K-basis of HEM (M (f)Y)* with (e ? ?V> =1, and let egi’v be a K4-basis of HHl(M(g) )

with < * ;t\/> = 1. We have an isomorphism ¢z(f) : HEt (M (f) @ M(xy)) — = — HEPY(M(f)V(—k — 1))
sendlng ef ®e(xys) to a K -rational multiple of (27i)~ k-l jF Y. Note that (2mi)f+te(xy) € HY(M (xy)(k +
1))~ since x¢(—1) = (-1 ) Therefore we have an 1somorphlsm

o HEM (M (f) @ M(g) © M(xg) © M(xg)(j + 1)) = Hg™ ™ *(M(f)" © M(g)"(1 - n))
sending (2mi)’ e ij ® ei ® e(xf) ® e(xy) to a rational multiple of (277)1 ™" }Fv @ eg’’. Let us define

vpi=dpod (W @wlxy)) = (2mi)~ k= 1(0zf ep’ Vi a;e}“v) = (2mi) 1(af e’ —I-oz;e}“v)
and

Vg = (27ri)_£_1(a;' .

—I—ageg

€g
Also we define

Uy = Foo(vg) = 2mi) " H—af e, +agelY),
where F._ is the involution defined in [7, 1.4]. We define

Q= G(x7)G(g)vs @ T € Hy " 2(M(f © 9)V(1 —n)) @ C= HE' (M (f* @ ¢*)(j + 1)) ® C.
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Since ppogp o Pdr (W ®uw)) =¢pog o Pdr (W ®on(w;*)) is a K7 -rational multiple of vy DF o (vy) =
vy @ Vgr, it follows that qﬁ(&l{ o¢go d);(Q) is a K;g—rational multiple of

G(X7)G(Xghwp- ® wy = wp= @y € HIZ™ (M (f* 2 g")(j +1)) © C.
Lemma 2.1. The map
(-, Q) HE 2 (M(f@g)(n—1)T @R - Ky @ C

factors through ng”?’(M(f ® g)(n)).
Proof. 1t suffices to check that (m(w} ® wy),€2) = 0. We have

<ﬂ_(w} ®w;),Q> _ <G( )—1G(Xg)—1(a}-ag—l)n+le}|_ ®e(—1)n+1 "‘af _t(] ) 1)71.)’
G(X7)G(Xg)(afe; " +asef) @ (—afe,V +a el ) (27m) h=t=2y
— (gt a0 o ntl (1) = (=0 4t GF)G(Xg) g —k—t—2
= 1 o + o, o " (2
(ool Ayl gl ) Sy )
= 0.
O
Lemma 2.2. We have (t,Q) = (—1)""1xt(—=1)xg(—1) Ny, Ny, (2mi) =%
Proof. We have
{t, ) = (G(xp)G(x )(27T‘)2"72( aya (*1)")*%;{@@(*1)"“,
G(x7)G(xg) (o ajey’ +0‘f f e (- a;reg’ +a;€;’v) (2mi)*2)
= G(xp)G(X)G(xg) G (xg) (2mi) T4 (af af V") lag (-1)" af "
= (_1)n+1Xf(_1)Xg(_ )NXfNXg(zﬂ-i)k+£72j7
since for any Dirichlet character x, we have G(x)G(X) = x(—1)Ny. O

3. EISENSTEIN SYMBOLS

Here we recall Beilinson’s theory of the Eisenstein symbol [3]. Let N > 3 be an integer. The complex
points of E* are given by [9, (3.4), (3.6)]

E*(C) 2 (Z2F % SLy(Z))\ (’H x CF x GL2(Z/NZ)) .
where the action of SLy(Z) is given by

a b iz i h) = ar+b 2z 2 (a b L
¢ d ot T\ sy d er+d T Ter+d \ce d

and the action of Z%* is given by

(ui,v1, .« Uk, V) - (T3 215 -5 2ks h) = (T5 21 + w1 — 1Ty ooy 2 + u — VTS h).
Let ¢ be the signature character of &;41 on E¥ ¢ E¥*1. Fori=0,...,k, let ¢; denote the composition of
E* < E¥1 % B Denote Uy = E \ E[N], where E[N] is the N-torsion subgroup. Write 4\ = ¢! (Uy)
and Uy = NE_ Ul c B*.

Choose go,...,gr € OUn)*. Denote g = ¢§(g0) U--- U q;(gk) € Hﬁl(l/{]’v,@(k +1)). Write G = (2/
NZ)? % &j11. Here (Z/NZ)?* ~ E[N]* acts on E[N] by the natural translation. Let e, : G — {+1} be
the signature character defined by e(g) = e(0) = sign(c) for g = (t,0) € G = (Z/NZ)?* x S},1. Then G
acts on E* and U}. This induces the action of G on the motivic cohomology H kH(Z/IN, Q(k +1)). Denote

the idempotent corresponding to 5 by €. Hence we have the ej-eigenspace H kH(Z/{ N> Q(k + 1))% and the
projection ~
prz, « Hit Uy, Q(k + 1)) — Hi Uy, Q(k + 1))%

defined by z — |G|™' S _zex(9)g - o
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Let M be a positive auxiliary integer. Let j : Uy, < U}, be the canonical inclusion and [x M| : Uy, —
U} the multiplication by M. Then j and [xM] induce

75 H U, QUk + 1)) = HYP Uy, QR + 1)) &/M2

and
[xM]" Hk+1<uN, QUk+1)) = HE Uhgn Qk + 1) M9
Write [x M 1] = ([x M]*)~1oj*. Denote by HkH(Z/lN, Q(k+ 1))‘?C the maximal quotient of Hﬁ“l(l/{]/v, Q(k+

1))% such that [x M~1] = k for any M > 1. Then we have a canonical projection
BTz, g (U, QU+ 1)) = HAE Uy, Q(k + 1))
Theorem 3.1 ([8, (8.16) Theorem]). The canonical map
o HiH(EX,QUk + 1) = Hi (B, QUk +1)% — Hi{ Uy, Q(k + 1)
induced by o : Uy — E* is bijective.

~ ~k
We write Eis (go, ..., gx) = ()1 (pT,, (9)) € Hﬁl(Ek,Q(k + 1)) for go,...,g9x € O(Un)*. In fact, Eis
factors through the divisors Q[(Z/NZ)?]°. Therefore we have a commutative diagram:

R, OUn)* HYSY(E", Q(k +1))

Divl TEiSk
RL,QUZ/NZ)L, «——  QUZ/NZ

where 6 is defined by 8+ [B® a ® -+ ® o] with a = N?[0] — >_ze(z/Nzy2lz). The map

ElS

Eis* : Q((Z/NZ)%° — HE(E*, Q(k + 1))

is called the Eisenstein symbol. For a smooth projective variety X over R, let H5 (X, R(j)) denote its Deligne
cohomology.
We now recall an explicit formula for the realization of the Eisenstein symbol. Fix an integer k£ > 0. Let

rp s HVFH(ER, Q(k + 1)) — HEM (BE,R(k + 1))

be the regulator map.
By [19, (7.3)], the Deligne cohomology group is given by:

{p € H(BR ,,, A @ R(K)) | dp = 5(w + (-1 1)!m),w € QF(E (D))}
dHO(EIEan’Ak 1®R( )) ’

HE ™M (B R(k + 1)) =

where A’ is the de Rham complex of real valued C'*°-forms, E is a smooth compactification of E¥(C) and
:k
D=FE \ E¥C).
Recall that
E*(C) 2 (Z2 % SLy(Z))\ (H x CF x GLQ(Z/NZ)) .
Write 7 (resp. z1,...,2;) for the coordinate on H (resp. C¥). Write h for an element of GLy(Z/NZ). For
any integer 0 < 5 < k, define

1/)]@7]' ! Z dZU(l) VANEIVAN d?a(j) VAN dzg(j_H) VANEEIWAN dzg(k).
ceGy

Let 8 € Q[(Z/NZ)%°. Then by [9, (3.12), (3.28)] and [12, Remark after Lemma 7.1], rp(Eis*(3)) is
represented by

27i(cvy +dvg)

q)k(ﬁ) = Rtk +2) - Z¢ka : Z Z Bhv) - e 7N mod dr, d7

k+1—a a+1
N (27i) (CDe? vetIN Dy (et +d) (T + d)
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where >’ denotes that we omit the term (c,d) = (0,0). For brevity, for any a,b > 1 we put

27i(cvy +dvg)

g U
"(r.h) Z Z (et + d)*(cT + d)b

(c,d)€Z? ve(Z/NZ)?

4. CONSTRUCTION OF ELEMENTS IN THE MOTIVIC COHOMOLOGY

Let k,¢ be non-negative integers with k& < ¢ and choose an integer j such that 0 < j < k. Write
K'=k—j>0and ¢ =¢—j > 0. Consider the following three morphisms:

/ . /! / U .
(1) p: BN+ 5 EF+E given by
(T;ul,...,uk/,tl,...,tj,vl,...,vg/;h)|—>(T;ul,...,uk/,vl,...,vg/;h).

(2) A : EFHIH o pEA2HE — pEH given by

(Tsut, .oy up, tr, oty vn, v h) = (Tyu, o ugr, t, ottt v, v ).
(3) i: BN+ = Ephtt _, BF x B¢ given by
/ /
(T;ul,...,uk/,tl,...,tj,tl,...,t],vl,...,Ug/;h) — ((T;ul,...,ukl,tl,...,tj;h),(T;tl,...,t],’Ul,...,Ug/;h)).

Note that (i o A)(7;u,t,v;h) = ((75u,t; h), (T;t,v; h)).

Definition 4.1. For 5 € Q[(Z/NZ)?]°, denote by 47 (3) the image of Eis® +* (8) under the composite of
morphisms:

HY BN QU 4 €+ 1) s HYFHER QU 4 €+ 1))
Loy B EML Q4+ £ — j+ 1))
=y HRFS(ER < BXQ(k+ € — j +2)).

5. THE RANKIN-SELBERG METHOD

Let L(f ® g,s) denote the L-function associated to the 4-dimensional Galois representation V; ® V,. We

have
Lifogs)= [] B(fogs™
p prime

where P,(f®g, s) = det(1—TFrob,-p~*|(V; ®V,)™) is a polynomial in p—*. Then the polynomial P,(f®g, s)
coincides up to the shift s — s — W
L(f ® g, s) converges for Re(s) > &£ + 2.

Let N be an integer divisible by Ny and N,. Let x : (Z/NZ)* — C* be the Dirichlet character induced

by Xxfxg- Put D(f,g,s) :=> "1 an(f)an(g)n*. By [23, Lemma 1], we have
L(X72S —k—1— 2)D(f,g,8) = Rf,g,N(S)L(f b2y g, 8)7

with the automorphic L-factor defined by Jacquet in [13], and

where

an(f)an(g)
Rygn(s H P(f®g,s) Z —
pIN neS(N)
is a polynomial in the variables p~* for p|N by [13, Theorem 15.1]. Here S(V) denotes the set of integers

all of whose prime factors divide N
For any Dirichlet character w : (Z/NZ)* — C*, define the Eisenstein series

Eg_]ﬁN(T,S,w): Z, (

m,neL

w(n)
Nmt + n)t=F|Nmt + n|?s’

Theorem 5.1 (Shimura [23, (2.4)]). We have

/ f(T)g(=T)E—pn(T,5s =1 =4, X)ys_ldxdy =2(4m)"°T'(s)L(x,2s —k— € —2)D(f, g, s).
Co(N)\H
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Remark 5.2. Let us assume k = £. Then by [23, (2.5)] and [24, page 220, Correction|, D(f, g, s) has a pole
at s = k+ 2 if and only if (f*, g) # 0. This is equivalent to g = f*. In this case, we have x4 = inl, hence x
is trivial. Therefore, our assumption x # 1 excludes the case where L(f ® g, s) has a pole.

6. COMPUTATION OF THE REGULATOR INTEGRAL

Let j be an integer satisfying 0 < j < k < /. Recall that we have a differential form Qy, = ws @ Wy €
HEEF2(M(f* @ ¢*)(j + 1)) ® C. Since M(f* ® g*) is a direct factor of h*+*+2(E* x E') ® K}, we may
consider €y, as an element of H§§€+2(Ek x EY) ® K;,® C. By the same argument as in Lemma 2.1, and
since {17, has rapid decay at infinity, pairing with Q; , yields a linear map

(-, Qpg) t HEMP (B x B, R(n)) — Kjy® C.

Let 8 € Q[(Z/NZ)*°. In this section, we compute (rp(Z%%7(83)),Q;,) in terms of the Rankin-Selberg
L-function of f and g. At the beginning § is arbitrary, but from Definition 6.2 on, we will use a particular
choice of 3.

Lemma 6.1. We have

> ]. / !
2kt Qi) = —7—5— *Ph e ANA* Qg .
<TD( (ﬁ))? f,9> (27_‘_Z~)k/+j+gl+1 /Ekl+j+"'/((C) p (ﬂ) 3oty

Proof. We have

(rp(EH9(B)), Qpg) = (rp(in Aup™Eis® T(8)), Q)
= (rp(p*Eis" T (8)), A*i* Q)
_ ! / pro(EisF Y (8)) A A,
EF+i+0(C)

(27m‘>dimE’“/+j+Z’

1 / !’
= PR (B) A Aty
(27T2)k +j+04+1 /Ek/+j+e/ ((C) p (5) v fi9

Let 7,21,..., zk4+¢—; denote the coordinates on Ektt=i (C). Note that the differential form
A% Q= (— D) i) () g(T)dr AT Adzy A Adzg AdZg—jia A A dZrre

already contains dr A d7. Therefore, we may neglect the terms of ®*'+¢ (8) involving dr, dT. Moreover, we
have
: Crf*(m)g(m)dr AndT AN T dzi Ndz ifa=F
o A A**Q — =1 )
P e {0 if a # K/,
with
’ eEw I sl I i pt k,' . 5"
C, = (_1)k’+€+1+k 24 j (k) (K G+ (K 5+ —1)/2m(2m)k+e+2.
It follows that
p e (B) A AT Qs

400K +0+2) 7-T _raw *
— _( ) ( ) . .gg+1’k +1(7'7 h) p wk’—l-f’,k’ /\A 1 Qf,g

N(2mi) 2
Co-(K+0)0-(K+0+2) 7—T _riiws NN B htl=j —
T N (2ri) &g ) fr (g (rydr ndT A N\ dzi A dz.
i=1

Recall [9, (3.4)] that the complex points of Y (N) are given by
Y (N)(C) = SLa(Z)\(H x GLo(Z/NZ)).
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Note that fC/(Z+TZ) dz A dz = —2iIm(7). Using Lemma 6.1 and integrating over the fibers of E¥ +7+¢ over
Y(N), we get

(=20)F =7 5. Cy - (K + 0 4 2)!
@ri)F 2 N (W4 0+ 1)

We have an isomorphism of analytic spaces

v (ZJNZ)* x TI(N)\H = Y(N

-6 )

Note that v(a,7) corresponds to the elliptic curve C/(Z + 77Z) with basis of N-torsion (a7/N,1/N) in the
moduli space.
Let x : (Z/NZ)* — C* be the Dirichlet character induced by x¢x4. Assume x # 1.

Definition 6.2. Let 3, € Q(x)[(Z/NZ)?)° C K;4[(Z/NZ)?]° be the divisor defined by

o Y(—vg) ifm:O,
Brlvnv2) = {o if vy 0.

(o (B)), V) = = /y(N)<cc> FH()g(mEG T (2 h)Im(7) T+ L dr pdr

For an integer w > 0, a € Q/Z, 7 € H and s € C, define the following standard real-analytic Eisenstein
series as in [18, Definition 4.2.1]:

B (r,8) = (=2mi) “nT(s +w) 3

m,ne”L

Im(7)*
(m7 +n+a)?|mr +n+ o>’

/
where Z denotes that the term (m,n) = (0,0) is omitted if & = 0, and

627riozm1m(7_) s

(m7 + n)?|m7 + n|?s’

F™) (r,8) = (=2mi) 7 T(s +w) 3
m,nel

/
where Z denotes that the term (m,n) = (0,0) is omitted. For fixed w, , 7, these functions have mero-
morphic continuations to the whole s-plane, and are holomorphic everywhere if w % 0. Note that

S wl@)BL Y (rs) = (=2mi) TR0 (s 4+ €= R)Im(7) N B v (7, 5,0).

a€(Z/NZ)*
Lemma 6.3. For any a € (Z/NZ)*, we have
E'4+0'+1
041,k +1 0 —1\\ _

Proof. We have

27i(cvy +dvg)

O41 k41 0 -1 B ! ﬁx(a_1v2, —v1)-e N
sy (T’ (a 0 >) = Z Z (er + )01 (er 1 d)F+1

(c,d)E€Z2 v1,v2€Z/NZ

2micv
- X X(v) e 5
U1, — Bl
(DT (BTN (et + d) (T 4+ d)

(—2mi)t* ok +1 B (e—k)
- o Im(T)k,‘H Z X(Ul)Fvl/N (T> K+ 1)
i v1€(Z/NZ)*

—omi)kpk +1 B ok .
- (gll . Ir)n(r)k”rl Z X(”l)Eil/N)( ﬁ’) by [18, 4.2.2(iv)]
' v1E€(Z/NZ)*

Wk’+é’+1

= él!Nk’+£/ Im ( )k’+£’+1 hm( P(S‘i‘g k)Ef kN(T S X)



10 FRANCOIS BRUNAULT AND MASATAKA CHIDA

n

Note that the right hand side of (6.2) is independent of a € (Z/NZ)*. Therefore, the contributions of the

regulator integral over each connected component of Y (IV)(C) are equal, and we have
: Gy - ¢(N) -
:k7ey _ 2 * *
(rp(E49(80). ) = s [ ) (P lim, (s €= B)Eroion (. Tdody
(NM\H
with ' o
(—=20)kHd g R (B - 2)!
02 = 7 : Cl'
NFHEFL (K 4+ 0+ 1)

Since the integrand is invariant under the group I'o(N), this can be rewritten as

vy Ca- N - ¢(N)? _ _
szzvj 2 _ * *( s+£
(rp(E"H(By)), Qp.g) = 2(2i) T 81_1>m [(s+0—k) /FO(N)\”Hf (1)g* (=7)Er—k, N (7,8, X)y° " dxdy.

Using Theorem 5.1 with f* and g*, we get

(rp(Z549(8,)), D) = W lim T(s + £~ k) -2+ (4m) " T(s + 1 4 1)

-Rf*,g*,N(s—i-1+€)L(f*®g*,s+1+g)
C N¢N2 —f— . . * *
:M(ﬁlﬂ) j 1"7!'Rf*’g*’N(]+1)sLH§ I(s+l—k)L(f*®g",s+1+4)

Co-N-¢p(N?, . . N G ) L P
ZW(‘W) ! 1']!‘Rf*,g*,N(J+1)WL (ff®g",i+1).

Putting everything together, we have the following theorem.

Theorem 6.4. Let Qf, = wy @ Wy. Let x : (Z/NZ)* — C* be the Dirichlet character induced by x Xg-
Assume x # 1. Then we have the following identity in Ky, ® C

(rp(EF4(8,)), Q) = £ (2mi)k 2 (k+0—2j+2) 4! ¢(N)?

2. Nk+0-2j
Note that R« g« n(j + 1) is an element of Ky 4.

Ry o N(G+1)- L'(ff® g% j+1).

7. COMPUTATION OF RESIDUES

In this section, we extend the motivic element =7 (B) to the Néron model by computing the residue.

7.1. Voevodsky’s category of motives and motivic cohomology. For a field £, let DMgefg(k) be the
category of effective geometrical motives over k. For a scheme X over k, we have the motive My, (X) and
the motive with compact support Mg,,(X). We consider the Q-linear analogue of DM;g(k) denoted by
DM;f,fl(k)@. For any object M of DM;EL(k:)Q, we define the motivic cohomology by

Hj\(M,Q(5)) = Hompyger 1), (M, Q(3)[)-
Then it is known that
Hijy (Mg (X), Q(5)) =~ Hju (X, Q) ~ CH’ (X, 2] — i)
for a smooth separated scheme X over k, where CH™(X,m) is Bloch’s higher Chow group.
7.2. Motives for Kuga-Sato varieties. Let Y = Y/(N) and X = X(N). Denote X* = X \ Y. The
symmetric group &y acts on E by permutation, (Z/NZ)* by translations, and ,u"z€ by inversion in the

:k
fiber. Therefore we have the action of G = ((Z/NZ)? x p2)* x &j. This action can be extended to E . Let
er : G — {£1} be the character which is trivial on (Z/NZ)?" is the product on u5, and is the sign character
on &j. Then define the idempotent

1
2N2 K g;f’“ 'y € g6

er =
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=k
Let My (E ) € DM;%(Q) be the image of the idempotent e on Mgm( ) Also denote by M, (E*)ek
and Mg (EF)e the images of er on My, (E) and Mgm(Ek) respectively. Write the complement of E¥ in

ikoo

the smooth proper scheme E by E
Now we recall a result of Schappacher-Scholl [20]. Fix an integer N > 3 and an integer k& > 0. Recall
X = X(N) is the compactified modular curve of level N and E — X the universal generalized elliptic curve

over X. Consider the k-fold fiber product E' = Ex x - XxE of E over X. Denote X = X \ Y, where
Y = Y(N) is the modular curve of level N. Let E* be the Néron model of E¥ over X and E B Deligne’s

desingularization. Then E is a smooth projective variety over Q.
By the generalized Gysin distinguished triangle

:k700

My (BM) — Moy (B )% Mg (B ) (1)[2] = Mom ()™ [1],

:k
we get the localization sequence for the pair (E , E¥):

0— HEVE, Qk +1)% — HEP(EF Qe + 1))

—=k,o00

A
where FX ~ HY (B, Q(k))®* ~ HS,(X°°,Q(0)) ~ Q[X*] is defined by

g (g ll’)) _ (—1)*f(—g) for all a € (Z/NZ)* and b Z/NZ} .
Then Res” is GLy(Z/NZ)-equivariant. Define the horospherical map w% : Q[(Z/NZ)?]° — FF by

K@= > Bt DBuaA(5))

z=(z1,22)€(Z/NZ)?
for B8 € Q[(Z/NZ)*° and g € GLo(Z/NZ), where By, is Bernoulli polynomial.

Fh = {f : GLy(Z/NZ) - Q

Theorem 7.1 (Schappacher-Scholl [20, 7.2]). Res* o Eis* is a nonzero multiple of w;.

We denote ZF = EF*\ EF = EF* xx X ~ GF, x@ X°° (non-canonically), EF = EF x Bt ERt* =
ERx x Bt zkt = 7k x 78 and Ukt = Ekbx \ ZF¢. Let i’ : E*¥¢ — U** be the canonical closed immersion.
Then 4’ 1nduces the morphism

i, HF(EM Qe+ 0 — j + 1)) — Hyf (U, Qk + £ — j +2)).
Recall that we defined the morphisms:

%

i A
EkAL—j ; Ek+L Ek x Ef
lp
Fk+-2j
Similarly we define the morphisms
. ) A . : . .
FkH—3x FktLx ¢ N LN 2
E
Ek+€—2j,*

and
y
7k+Ll—j Ao y gkl ' | oo 7k « 7t

-
Fk+-2j
By [25, Proposition 3.5.4], for a smooth scheme X and a smooth closed subscheme Z of codimension ¢ we

have the following Gysin distinguished triangle
My (X \ Z) = Mg (X) = Mgim(Z)(¢)[2¢] = Mg (X \ Z)[1].
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Put m = k + £ — 2j. Then the diagram

Mg (E™) e Mg (E™) — My (Z™)(1)[2] 2
Mgy (E™+7) e Mgy (E5%) e My (Z7+9)(1)[2] ~F

E Is I
My (E™2)(=)[=2]]  ———  Mgn(E™2%)(=j)[~2j]  —— My (Z™5)(—j +1)[~2j +2] —
Mgm(Uk’Z)(_j -1[-2j-2] —— Mgm(Ek’e’*)(_j -1[-2j-2] —— Mgm(Zk’e)(_j + 1)[~25 + 2] +—1>

is commutative by [6, Proposition 4.10, Theorem 4.32]. Taking cohomology, we get the following commutative
diagram with exact rows:

HYH(E™,Qm+1) ——  HE(E™Qm+1) ——  HE(Z™,Q(m))

p* p* P

HYP (B, Qm+ 1)) ——  HYHE™Y,Qm+1))  ——  HR(Z™,Q(m))
A. A Aco,
H}cv—li-z—&-l(EkJrf,*,Q(m_'_j + 1)) SN Hﬁ“eﬂ(Ek”,Q(erj + 1)) - HﬂZ(ZkH,Q(erj))

o i
Tx Ly

HYFEB(BRE* Q(m+j +2)) —— HIFB3 UM, Qm+ 5 +2)) —— HEF(ZM Q(m + 7).

Consider the subgroup G’ = & x &, of G. Let &}, be the restriction of e to G', and let ¢}, be the idempotent

corresponding to €.
Denote 2867 () = i' o A, o p*(Eis* =27 (B)). Consider the image of Z%47(4) under the residue map

Rest07 « HEHAS(URE QK + € — j + 2)) ) — HIFH(ZRE, QK + £ — j))(ed)
Note that HY (2%, Q(k+£))(“) can be identified with H,(Z*, Q(k))% ®@q H,(Z*, Q€))% ~ Fk g F.

oo, *

Proposition 7.2. (1) If 5 > 0, then we have Resktd o Zkbi = (.
(2) If 7 =0, then Resm 40 o EREO(B) is a nonzero multiple of wva(ﬁ) ® wf\ﬁf(ﬁ),

Proof. (1) The image of Eisenstein symbol is contained in Hﬁgdj(ZkM_j,@(k + 0 — 2j))¢k+t=2i. Let
A : GEFI 5 GEH be the diagonal embedding. We have
A, Hﬁ—é—%(@iﬁr@*j’ Q(k 40— 2j))€;€+é—2j N Hﬂ_g(anJrg,Q(k 40— j))e;‘”*%.
By [21, 1.3.1 Lemmal, one has
HJG (@R Q(k + € — )%= o HY(G, Q) ~ CH (G,

Since j > 0, we have CH/(G1) = 0. Therefore A, = 0.
(2) This follows from the commutativity of the diagram.

The closed embedding
cusp 1 ZF x B — UMt
induces ,
HIFHH(ZP x BYQE 4 €4 1)) 2% g3 (U Qk + £+ 2).
Let us consider Gysin morphisms
0 : Mg (Z°)(1)[2] = Mgm(E)[1]
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for the pair (Ee’*, 7% and
' - Mg (ZF x Z°)(1)[2] > My (2") © Mg (Z)(1)[2] = Mg (2" x E)[1] = Mg (Z*) @ My (E*)[1]

for the pair (Z* x Et*, ZF x Z). By [6, Lemma 4.12], it follows that &' = 1k ® 0. Therefore we have the
following commutative diagram:

Zk, /

HY(Z%,Q(k))% @g HY (B, Q0+ 1)) AR HY (ZF,Q(k))% @g HY,(Z¢, Q(0))%

J» l

1

HAFN (28 x BL QU+ 4+ D)) T HEE(ZR QU+ 0) ()
J/icusp,* J/
HE3 (UM Qe + €4 2)) b RSN gk gz g 0))ehoed),

where p @ HY,(ZF,Q(k))% @g Hi (B, Q0 + 1)) — HYHY(ZF x BL,Q(k + € + 1)) is the exterior
product.
Since 0 is surjective, 1 , ® 0 is also surjective. Hence Res 0 icusp,« 18 surjective. It follows that there

exists an element {3 € HIX/J{E'H(Z”c x B Q(k+041)) (¢ such that Res®*0 0deusp 1 (€5) = ResHH0(ZR40(B)).
Now we define the generalized Beilinson-Flach element by

) ékJJ . .
BFk,K,j(IB) — {~ (ﬁ) 1f] > O>

k,0,0

EREO(B) = icusp(§p)  if j =0.
From the definition, it is clear that
BF*49(B) € Tm [HEFF3(ERE* QK + £ — j + 2)) ) — HRFS3URE Qk + £ — j + 2)) )],
Note that the map Hi 3 (ERC* Q(k + € — j +2)) ) — HEF3UR Q(k + € — j +2)) <) is injective.

8. EXTENSIONS TO THE BOUNDARY

To extend the motivic element Z%7(3) to the boundary of the Kuga-Sato varieties, we use the following
proposition.

Proposition 8.1. We have an isomorphism
. . .y =k =
HYFEB(ER < B, Qk + £ — j +2)) ) ~ HRS(E x B, Qk + £ — j + 2))ese0),

To show the proposition, we prepare the following lemma.
A~ / :k
Lemma 8.2. Mg, (E**)% =~ M, (E )% in DM;EL(Q)Q.

Proof of Lemma 8.2. Let E * be the complement of the smooth scheme E* in the smooth proper scheme

k00 . . =k, reg —k =k,00,0 _ =k,00,reg
E Let E ® be the intersection of E * with the non-singular part £ of E and F cCFkE
k,00,reg

:k —
the intersection of E with E¥*. Note that the morphism E —» E' is an isomorphism over Ehree

—kr —k
by [21, Theorem 3.1.0 (ii)], hence E""°® can be identified with a subscheme of B and the open immersion
E" & F induces an isomorphism
:k ~ —_—
M (B )™ =5 MG, (B*"8)

by [26, Remark 3.8 (a)]. Also the connected component E** is identified with a subscheme of Ee by [21,
Theorem 3.1.0 (iii)]. From these facts and [26, Proof of Theorem 3.3], one has
—k,00,reg —k,00,0

:k, ~ 5 ~ /
Mg (B ) =5 MG, (B0 25 Mg, (B )k,
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By [25, Proposition 4.1.5] we have the distinguished triangles:

—k —
Mg, (B )% —— Mg (B¥)r —— Mg, (B

- - -

)

[l

—k,r —k,co,r
Mg, (B™ ") —— M, (BR)s —— Me, (B )ee]1) —
:k,O0,0

MS (ER)e% —— MS (EM% —— ME,(E %[ —
Moreover one has
ME, (B™)™ = MC, (EF)°,
since we have a decomposition E¥ = HOS o<k }‘}:Ik of E* into locally closed subsets which are invariant under

the action of Gy, 1 - (Z/NZ)?* as in [20, Proof of 4.2 Theorem], where

loqu = {(z1,...,7) € E* | exactly q of the z;’s are in E[N]}.

From this fact, it follows that the inclusion R < B8 induces
M;m(Ek,reg)ek i> Mgcm(EA'k’*)e;C

and hence

=k ~ ~ /
M, (E")* =5 M, (EM*)%,
By duality for smooth schemes [25, Theorem 4.3.7 3], we have

=k er =~ okregye, = ke,
My (E )% <= My (B™" ) == M, (EF*)%.

O
Proof of Proposition 8.1. Applying Kiinneth formula [25, Proposition 4.1.7], we have
M (E** x BE*Y ) o Moo (B x B e,
By Voevodsky’s definition of motivic cohomology, we have
Hig(B* x B, Q7)) ~ Hi (B x E Q)
for any 7, j. This completes the proof. O

Via the isomorphism in Proposition 8.1, we can consider BF*47 () as an element of H ]X/J{ H3(E xE ,Q(k+
0 — j+2))leree)

Proposition 8.3. We have (rp(BF*%(B)),Q;,) = (rp(E¥57(8)), Q).

Proof. The regulator map is compatible with the contravariance of morphisms by [16, 8.1.a)]. Therefore it
is enough to show that (rp(icusp«(£g)), 2f,g) = 0.

By Jannsen’s formula for the regulator in [14, page 45], the image of the regulator map is represented by
an integral along Z* x E*. Since f* is a cusp form, the differential form w ¢+ vanishes on the cycle Z¥. Hence
the differential form €2 , vanishes on the cycle Z k x E‘. Therefore the regulator integral vanishes. U

9. APPLICATION TO BEILINSON’S CONJECTURE
Consider the projection to the f ® g-component

2 =k =/
pryg s HEM 3 (Eg x Eg, Qk + £ 42 — )0 — HEFP(M(f © g),R(k + £ +2 = ).

Our results admit the following consequence for Beilinson’s conjecture for the motive M (f®g)(k+{+2—j).
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Theorem 9.1. Let f € Sj12(I'1(Ny), x¢) and g € Spyo(T'1(Nyg), xg) be newforms with k,£ > 0. Let N be an
integer divisible by Ny and Ny, and let j be an integer satisfying 0 < j < min(k,¢). Assume xfxq # 1 and

Rygn(j+1)#0. Then there is an element o € Hﬁ“”?’(E x E,Q(k+€+2— 7)) such that
prygorp(a) =L*(M(f®@g)(k+{+2— )¥(1),0) -t mod K}(,g’
where t is a generator of the Ky 4-rational structure in H£+H3(M(f ®g),R(k+L+2—7j)).

Proof. Note that Ry 4 n(j + 1) # 0 is equivalent to Ry« g« n(j 4+ 1) # 0. The theorem follows from Lemma
2.2, Proposition 6.4, Proposition 8.3 and the fact that {0y, is a K;g—rational multiple of €. O

Using the compatibility of Beilinson’s conjecture with respect to the functional equation [19, (2.2.2)], we
get the following corollary.

Corollary 9.2. Under the assumptions of Theorem 9.1, the weak version of Beilinson’s conjecture for
L(f®gk+Ll+2—7j) holds.

Remark 9.3. (1) The factor Ry g4 n(j+1) is a product of local terms Ry 4 (74 1), where p runs through
the prime factors of N. If p divides exactly one of the integers Ny and Ny, then Ry, ,(s) =1 by [13,
Theorem 15.1]. If p divides N but doesn’t divide NNy, then Ry, ,(s) = 1 — x¢(p)xg(p)pFHt+2-2s
by [23, Lemma 1] and it may happen that Ry ,(j + 1) = 0, for example if j = k = ¢ and p = 1
mod lem(Ny, Ng). Therefore, it is best to choose N = lem(Ny, Ny) in Theorem 9.1. Moreover, it is
easy to see that Ry, n(j+1) #0if k4+ ¢ —2j ¢ {0,1,2} by [13, Theorem 15.1].

(2) The assumption Ry 4 n(j+1) # 0 is necessary. We give an example. There is a newform f of weight 8,
level 39 with character (12) such that ag(f) = —27 (it is called 39.8.5a in the modular forms database
http://www.lmfdb.org/). Also there is a newform g of weight 8, level 3 with trivial character
such that az(g) = —27 (it is called 3.8.a in the modular forms database). Let 7 = & 77, and

Tg = ®; Tg,» be the automorphic representations generated by f and g. Then it is easy to see that
nr3 and 7, 3 are special representations of the form sp(o 3] ‘_%,Uﬁg‘ ]%) and sp(oy 3| \_%,09,3\ \%),
where 073 and 0,43 are unramified characters of Q3 satisfying o73(3) = 043(3) = —1. By [13,
Theorem 15.1], we have

L(mps ® mg3,8) = L(04309,3,5) L(0f30g3,5 +1) = (1 = 37°)(1 = 3771).

Hence the Euler factor of L(f ® g,s) = L(mf @ g, s — 7) at 3 is given by (1 — as(f)as(g)375T)(1 —
az(f)as(g)3=°) = (1 —3%.375F1)(1 — 3%.37%). On the other hand, the Euler factor of D(f,g,s) at
3is 1 —as(f)as(g)37* =1 —3%-375. Therefore Ry, n(s) =1—3%-375T1 =1-37.375. If j =6,
then Rf7g739(j +1)=0.
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