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equation (1) can be factorised as
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= (2* — 2z cosf + 1) (2° — 2z c0s20 + 1) (2° — 2z cos 30 + 1) (v* — 2z cos 46 + 1) (3)
For simplicity, we use the following shorthand notations
cp =cosf, co=-cos20, c3=cos30, c4=cosdb.
Then, (3) becomes
(1:2 —2c1x + 1) (332 — 2cox + 1) (ZL‘2 — 2c3x + 1) (x2 — 2cqx + 1) (4)
=% —2(c1 + g+ 3+ cy)a”
+4(1 4 c1c9 + c1e3 4 c1cq4 + cac3 + cacq + 6304)x6
— (6(01 + o+ 3+ ) + 8(creacs + crcacy + crezeqs + 020364)>(E5
+ (6 + 8(e1e0 + c1c3 + c1cq4 + cacs + cacq + c3¢4) + 16010263C4>x4
— (6(01 +cCo2+c3+ 64) + 8(610263 + c1c2¢4 + C1C3C4 + 020364)>x3
+4(1 4 c1c2 + c1e3 4 c1c4 + cac3 + cacq + 6364):E2
—2(c1+cot+es+ca)r+1 (5)
Compairing the coefficients of (2) with those of (5), we find
1
atetetoa=—; (6)
3
cie + a6+ ercs +oacs +eacs + ez = =7 (7)
1
c1C2C3 + c1cacy4 + C1C3C4 + Coc3Cy = Z (8)
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Next, consider the equation

(y —c1)(y —c2)(y —c3)(y — ca)
=y — (c1 +ca+ 3+ ca)y’ + (crea + cres + creq + cacy + cacy + czca)y?

—(c1cac3 + crcacq + ciczeq + cacges)y + cicacscs
1, 3, 1 1

B U S ;

Hence cos 0, cos 20, cos 360, and cos 46 can be obtained by solving the quartic equation,

16y* +8y° — 122 — 4y +1=0
Putting Y = 2y, this becomes

Y44 Y2 —3Y2 -2V +1=(Y +1)(Y3-3Y +1)=0 (10)
Thus

Y +1=0, This corresponds to cos (6;> = —%
or

(Y3 -3V +1)=0

The above cubic equation can be solved by usig the so called “Cardano’s method”.
Letting Y = s + ¢, rewrite the above equation as

S+t34+3(st—1)(s+t)+1=0
Choose s and t such that

S48 = —1 (11)
st = 1 = s$t3=1 (12)
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The meaning of the results is clear. Since

COS <

we obtain

COS (

9

2km
9

)

2

1\/§i>

—1-

11—
2

2

w+w

3

k  6m
cos | = x —
3 9

2

67 o e2im/3 | o—2im/3
) = COS <> g =

(62i7r/3)k/3 4 (6—2i7r/3)k/3

2
Wk/3 1 k/3
2

2

9

(13)

(14)



