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Let

θ =
2π

10
=

π

5
,

then

xk = eikθ k = 0, 1, 2, · · · , 9

are the solutions of

x10 − 1 = 0

x10 − 1 = (x5 − 1)(x5 + 1)

= (x− 1)(x4 + x3 + x2 + x+ 1)(x+ 1)(x4 − x3 + x2 − x+ 1)

Hence

x = ±1, x4 + x3 + x2 + x+ 1 = 0, or x4 − x3 + x2 − x + 1 = 0

1 Solutions of ±1 = 0

x = 1 ⇒ cos 0 = 1

x = −1 ⇒ cosπ = −1

2 Solutions of x4 + x3 + x2 + x+ 1 = 0

x2m = e2imθ = e2πim/5 m = 1, 2, 3, 4

Hence

x4 + x3 + x2 + x+ 1

=
(
x− e2πi/5

)(
x− e4πi/5

)(
x− e−4πi/5

)(
x− e−2πi/5

)
=

(
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(
2π

5

)
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)(
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)
= x2
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))(
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x
− 2 cos
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= x2

(
x2 + x+ 1 +

1

x
+

1

x2

)
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Let

Y = x+
1

x

Then (
Y − 2 cos

(
2π

5

))(
Y − 2 cos

(
4π

5

))
= Y 2 + Y − 1 = 0

Thus

cos

(
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5

)
=

Y

2
=

−1 +
√
5

4
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(
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5

)
=

Y

2
=

−1−
√
5
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3 Solutions of x4 − x3 + x2 − x+ 1 = 0

Solutions of

x4 − x3 + x2 − x+ 1 =
x5 + 1

x+ 1
= 0

are

x2m+1 = ei(2m+1)θ = e(2m+1)πi/5 m = 0, 1, 3, 4

Hence

x4 − x3 + x2 − x+ 1

=
(
x− eπi/5

)(
x− eπi/5

)(
x− e3πi/5

)(
x− e−3πi/5

)
=

(
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Let

Y = x+
1

x

Then (
Y − 2 cos

(π
5

))(
Y − 2 cos

(
3π

5

))
= Y 2 − Y + 1 = 0

Hence
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5

)
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Y

2
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√
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4
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4 Summary
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(π
5

)
=

1 +
√
5

4

cos

(
2π

5

)
=

−1 +
√
5

4

cos

(
3π

5

)
=

1−
√
5

4

cos

(
4π

5

)
=

−1−
√
5

4

3


